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Abstract: An overview is given on some of the
main advances in experimental methods, experimen-
tal results and theoretical models and ideas of the
last years in the field of nuclear fission.

New approaches extended the availability of fission-
ing systems for experimental studies of nuclear fission
considerably and provided a full identification of all
fission products in A and Z for the first time. In par-
ticular, the transition from symmetric to asymmetric
fission around 226Th and some unexpected structure
in the mass distributions in the fission of systems
around Z = 80 to 84 as well as an extended sys-
tematics of the odd-even effect in fission fragment Z
distributions have been measured [A. N. Andreyev,
K. Nishio, K.-H. Schmidt, Rep. Progr. Phys. 81
(2018) 016301].

Three classes of model descriptions of fission
presently appear to be the most promising or
the most successful ones: self-consistent quantum-
mechanical models, stochastic models, and a new
semi-empirical model description.

Self-consistent microscopic models are the most
fundamental ones, because they are based on the
nuclear force. They are the only ones that aim
at describing the fission process in the quantum-
mechanical framework. The most advanced micro-
scopic models in nuclear physics that have been devel-
oped for stationary states in heavy nuclei [S. Bacca,
Eur. Phys. J. Plus 131 (2016) 107], are not read-
ily applicable to the decay of a meta-stable state.
They primarily describe the properties of the ground
state and the excited states in the first minimum.
The description of the fission process has further re-
quirements for modeling the non-equilibrium, time-
dependent, large-amplitude collective motion, where
a many-body system of strongly interacting fermions
decays through the coupling to a large number of
open channels. Intense efforts are presently made to
develop suitable theoretical tools [N. Schunck, L. M.
Robledo, Rep. Prog. Phys. 79 (2016) 116301]. At
present, the technical application of these models is
heavily restricted by their high demand on computer
resources.

Stochastic models that describe the fission process
by a transport equation, in which irreversible pro-
cesses are considered within the concept of statistical
mechanics, provide a fully developed technical frame-
work. Collective motion is modeled by a trajectory in
a space spanned by a small number of shape param-
eters. Intrinsic excitations are represented by a heat
bath. The main features of the fission-fragment mass
distribution are well reproduced from mercury to fer-
mium and beyond by current models [P. Möller, J.
Randrup, Phys. Rev. C 91 (2015) 044316]. However,
the limited computer resources still impose severe re-
strictions, for example on the number of collective co-
ordinates and/or on an elaborate description of the
fission dynamics.

In an alternative semi-empirical approach, the
GEF model [K.-H. Schmidt et al., Nucl. Data Sheets
131 (2016) 107], considerable progress in describing
the observables of nuclear fission has been achieved
by exploiting several powerful theoretical ideas, which
are essentially well known. The particular feature of
this approach is the combined simultaneous applica-
tion of these ideas, which makes possible to cover the
main features of the fission process in a consistent
way. This approach exploits (i) the topological prop-
erties of a continuous function in multidimensional
space for estimating accurate fission-barrier heights,
(ii) the early localization of nucleonic wave functions
in a necked-in shape that allows to separately handle

the fission-fragment shells and the macroscopic prop-
erties of the compound nucleus, (iii) the properties
of a quantum oscillator coupled to the heat bath of
other nuclear degrees of freedom for describing the
fluctuations of normal collective modes, (iv) an early
freeze-out of collective motion to consider dynami-
cal effects, and (v) the application of statistical me-
chanics for describing the thermalization of intrinsic
excitations in the nascent fragments. This approach
establishes links between different fission quantities,
providing very interesting information on the nature
of some decisive physical processes. With this theo-
retical frame, a rather limited set of empirical data
empowers the model to obtain quantitative results
for a rather wide range of different systems and ini-
tial conditions, also for cases where no data exist.
This new approach reveals a high degree of regular-
ity and allows calculating high-quality data and phys-
ically defined correlations between any pair of fission
observables for a large variety of fissioning systems
with a unique set of parameters and, thus, without
further specific adjustment to experimental data of
individual systems. The importance for applications
in nuclear technology is discussed.
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1 Introduction

The discovery of nuclear fission revealed that the
heaviest nuclei are barely bound in their ground state.
An excitation energy in the order of a few per mille of
their total binding energy is sufficient to induce the
disintegration into two large pieces, releasing a huge
amount of energy of about 200 MeV. Thus, the spe-
cific energy content of nuclear fuel is about 108 times
larger compared to fossil fuels like coal, mineral oil or
natural gas. This explains the importance of fission
in nuclear technology.

The energy stored in heavy nuclei, and even the
synthesis of an appreciable portion of matter in the
Universe has its origin in the astrophysical r-process,
a process of consecutive neutron capture and beta
decay in an environment with a very high neutron flux
in some astrophysical site, which had not fully been
identified for long [1, 2, 3]. The recent observation
of the merging of a binary neutron-star system [4]
affirmed the importance of this scenario for the r-
process nucleosynthesis.

Fission is believed to play an important role in
the r-process itself by fission cycling that limits the
mass range of the r-process path and has an influence
on the associated nuclide abundances [5, 6]. The r-
process nucleo-synthesis cannot be fully understood
without a good knowledge of the fission properties of
very neutron-rich isotopes of the heaviest elements,
which are presently not accessible to direct measure-
ments [7]. Therefore, additional interest for a better
understanding of the fission properties of nuclei far
from stability comes from astrophysics.

In a general sense, nuclear fission offers a rich labo-
ratory for a broad variety of scientific research on nu-
clear properties and general physics. The relatively
flat potential energy of fissile nuclei reaching to very
large deformations, if compared to lighter nuclei, al-
lows studying nuclear properties like shell effects in
super- and hyper-deformed shapes [8]. Phenomena
connected with the decay of the quasi-bound nuclear
system beyond the fission barrier yield information
on nuclear transport properties like nuclear viscosity
[9, 10] and heat transfer between the nascent frag-
ments [11]. They even offer a valuable test ground
of general importance for non-equilibrium processes
in isolated mesoscopic systems, where quantum me-
chanics and statistical mechanics play an important
role [12].

During the last years, there has been a considerable
activity in the field of nuclear fission, both experi-
mental and theoretical. Several detailed and some
comprehensive papers have been written on the de-
velopment of theoretical approaches and formalisms
with an impetus on fission dynamics and its signa-
tures. This is illustrated by a representative list of
papers that were published during the last seven years
[13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26,
27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40,
41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54,
55, 56, 57, 58, 59, 60, 61, 10, 62, 63, 64, 65, 66, 67, 68,
69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83,
84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97].
The description of fission cross sections and fission
probabilities in induced fission that involves the en-
trance channel, the transmission through the fission
barrier and the competition with other exit channels,
is a field of continuous activity [98, 99, 100, 101, 102,
103, 104, 105, 106, 107, 108]. In this domain, the
coupled-channels model, the dispersive optical poten-
tial, and an heuristic model for resonant transmission
are of eminent importance. On the experimental side

there have been several publications on refinements
of existing [109, 110, 111, 112, 113, 114] or the devel-
opment of novel techniques [115, 116] as well as on
new experimental findings [117, 118, 119, 120, 121,
122, 123, 124, 125, 126, 127, 128, 129, 130, 131, 132,
133, 134, 135, 136, 137, 138, 139, 140, 141, 142, 143,
144, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154,
155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165,
166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176,
177, 178, 179, 180, 181, 182, 183, 184, 185, 186, 187,
188, 189, 190, 191, 192, 193, 194, 195]. Usually, the
technical development of the specific theoretical or
experimental approach, its challenges and achieve-
ments, are in the focus of these papers. Theoreti-
cal papers often intend to demonstrate the quality of
a specific approach by showing its ability for repro-
ducing some distinct data and to present computa-
tional algorithms that provide suitable approximate
descriptions when exact solutions are out of reach,
which is often the case.

Experiments and evaluation1 are often driven by
the interest for reliable nuclear data that are required
for technical applications, mostly in reactor technol-
ogy. In this context, we mention for example (i) mea-
surements of prompt-neutron spectra at the LANSCE
accelerator facility at the Neutron Science Centre in
Los Alamos, New Mexico, USA [197], (ii) fission-
fragment yield, cross-section and prompt-neutron
and gamma-emission data from actinide isotopes
at the Joint Research Centre in Geel (previously
called IRMM), Belgium [198], (iii) a coordinated re-
search project (CRP) on the evaluation of prompt-
fission-neutron spectra of actinides, organized by the
IAEA, Vienna, Austria [199], (iv) measurements of
the energy dependence of fission-product yields from
235,238U and 239Pu at TUML, Durham, North Car-
olina, USA [200], (v) MCNP studies on multiple
scattering contributions, over-corrected background,
and inconsistent deconvolution methods used in eval-
uated prompt-fission-neutron spectra of 239Pu(n,f)
[201], (vi) high-precision measurement of the prompt-
neutron spectrum of 252Cf at the Rensselaer Poly-
technic Institute, Troy, New York, USA [202], (vii) a
measurement of the energy and multiplicity distribu-
tions of neutrons from the photo-fission of 235U, again
at the Los Alamos Neutron Science Center [203], and
(viii) measurements of beta decay of fission products
with the Modular Total-Absorption Spectrometer at
the Holifield Radioactive Ion Beam Facility, Oak
Ridge, Tennessee, USA [204, 205]. We would also
like to mention that there has been a European initia-
tive in the last years to measure the neutron-induced
fission cross section of 242Pu using very different ex-
perimental methods in order to provide several com-
pletely independent measurements of this cross sec-
tion. This is the only means to strongly reduce the
final systematic uncertainties in this cross section
and comply with the very demanding uncertainty re-
quired by reactor applications [206]. Measurements
of the 242Pu(n,f) cross section were recently carried
out for example at the JRC Geel [176], at the Na-
tional Physical Laboratory in Teddington, UK [207],
at the Van de Graaff accelerator of Bruyres le Chtel,
France [208], at the Physikalisch-Technische Bunde-
sanstalt in Braunschweig, Germany [209] and at the

1Evaluation assesses measured data and their uncertainties,
reconciles discrepant experimental data and fills in missing
data by exploiting systematic trends of the measured data in
order to provide reliable data primarily for applications in nu-
clear technology. Evaluation work is organized, and resulting
nuclear-data tables are disseminated by several Nuclear Data
Centres under the auspices of the International Atomic Energy
Agency [196].
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nELBE facility of the Helmholtz-Zentrum Dresden -
Rossendorf, Germany [210].

The present review article has a different goal.
It aims at promoting an improved understanding of
the nuclear-fission process by establishing a synop-
sis of different theoretical approaches and of empiri-
cal knowledge on a general level. Its impetus lies in
tracing back experimental findings to the underlying
physics on different levels, reaching from microscopic
descriptions to statistical mechanics while covering
essentially all fission quantities.

We carefully consider the fission barrier, because
it is a key quantity for establishing the probability
of fission to occur in competition with other decay
channels. In particular, it is important for deter-
mining the individual contributions when modeling
multi-chance fission, that is fission after the emission
of one or more neutrons. While direct information on
the evolution of the system between saddle and scis-
sion is scarce, the fission-fragment yields, the total
kinetic energies and the prompt-neutron multiplici-
ties are the most important observables that result
from this evolution by evidencing the division of the
protons and neutrons between the fragments and the
magnitude and the division of the excitation energy
between the fragments. The energy spectra of prompt
neutrons, [199] and references therein, and prompt
gammas [127, 136, 138, 145, 147, 151, 160, 185] are
calculable in a rather straightforward manner within
the statistical model, once the conditions at scission
(fission-fragment distributions in mass and atomic
number, excitation energy and angular momentum)
are imposed. This is demonstrated by the rather suc-
cessful attempts [212, 213, 214, 215, 216, 217, 218,
219, 220, 222, 223, 221], in cases, where the fragment
properties mentioned above are empirically known or
can be estimated. The latter work is motivated by
the interest of nuclear technology to better reproduce
the measured energy spectra in order to control the
irradiation load and the heat production in fission .
The GEF model [224] (see section 4.3) also gives a
rather accurate reproduction of the measured spec-
tra and other characteristics of the prompt neutrons
and prompt gammas. In this case, the conditions at
scission are provided by the model itself. Therefore,
the de-excitation process does not carry so much in-
formation on the fission process itself, if we disregard
the quest for scission neutrons, which are neutrons of
non-statistical nature emitted at scission [199], whose
existence is controversially discussed [225], and the ef-
forts to better understand the generation of angular
momentum of the fission fragments, which is still not
well understood [12].

We will concentrate on low- and medium-energy
fission, where binary fission, ending up in two heavy
fragments, is the dominant decay channel. Ternary
fission with its very specific features is not included.
A compact but rather exhaustive record on the most
relevant experimental and theoretical work in the
field of ternary fission is given in the introduction of
Ref. [226]. The decay of highly excited nuclei, where
the phase space favors multi-fragmentation [227, 228],
that is the simultaneous decay into more than two
fragments, and quasi-fission [229] after heavy-ion re-
actions that preserve a memory on the entrance chan-
nel are not covered neither.

The present article is structured as follows. Af-
ter a short reminder on the former status of knowl-
edge in section 2, we will give a review on the re-
cent innovations in experimental and theoretical work
in sections 3 and 4, respectively. In detail, major
steps in experimental fission research will be reported

that were made during the last years by the applica-
tion of inverse kinematics and by technical innova-
tions in the application of beta-delayed fission. On
the theoretical side, applications and further devel-
opments of fully dynamical descriptions of the fission
process in quantum-mechanical and classical models
will be presented in sections 4.1 and 4.2. In addition,
the application of a number of general concepts in
a semi-empirical model, described in section 4.3 and
4.4, delivered very interesting explanations or opened
well targeted questions for some prominent and some
very peculiar observations that stayed unexplained
for long time or that emerged from the results of re-
cent experiments. Models on specific aspects of fis-
sion are presented in section 4.5. A general discussion
of current problems that covers experimental results
and different theoretical models and ideas is provided
in section 5, followed by a discussion on the expected
evolution of fission theory and experiments to satisfy
the main identified needs. A full scenario for fission
is then proposed, and the main associated theoretical
achievements are highlighted. Finally, a summary is
found in section 6.

In the interest of the comprehensive and consistent
discussion in section 5, section 2 does not include for-
mer experimental results that were interpreted only
recently in the framework of new theoretical ideas.
In a similar way, section 4 presents predominantly
the basic and the technical aspects of the different
models.

2 Former status of knowledge

Since the discovery of nuclear fission [230, 231], the
bulk of the experimental results has been obtained in
neutron-induced fission of available and manageable
target nuclei. Limitations arose from the small num-
ber of primordial or long-lived heavy target nuclides
and from the technical difficulties of experiments with
mono-energetic neutrons of arbitrary energy. There-
fore, and due to some other practical and technologi-
cal reasons, the majority of the experiments on fission
yields has been made with thermalized reactor neu-
trons and, to a lesser extent, with fast neutrons (that
denotes typical energies of unmoderated or slightly
moderated fission neutrons) and neutrons of 14 MeV,
e.g. from the 2H + 3H → n + 4He reaction. More-
over, in all experiments performed in direct kinemat-
ics, the kinetic energies of the fission products are
hardly sufficient for obtaining an unambiguous iden-
tification of the fission products in A and Z in kine-
matical measurements, which implies that complete
fission-product distributions on the N -Z plane could
not be obtained.

An exhaustive overview of the experimental results
on neutron-induced fission is given in a recent re-
view by Gönnenwein [232]. It essentially covers fission
cross sections, the fission-product mass distributions,
kinetic and excitation energies, nuclear-charge distri-
butions in the group of the lighter fission products
with an emphasis on the odd-even staggering, and
the emission of prompt neutrons and gammas.

Also many experiments on charged-particle-
induced fission [233] and photon-induced fission
(bremsstrahlung or mono-energetic photons), e.g.
Ref. [162] and references therein, have been and are
still being performed. The use of charged-particle
or heavy-ion projectiles made a number of additional
nuclei available for fission experiments by transfer re-
actions [234] or fusion (e.g. refs. [235, 236, 237]). The
easy accessibility of higher excitation energies and the
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inevitable population of larger angular momenta al-
low to study other aspects of the fission process. They
are described in the recent review by Kailas and Ma-
hata [233]. These are not covered in this work.

The prominent theories developed in parallel with
these observations provided potential-energy surfaces
of the fissioning systems in macroscopic-microscopic
[238] or in self-consistent microscopic approaches
[239]. Brosa et al. [240] associated gross structures
that manifest experimentally by clear structures in
the mass and nuclear-charge yields, prompt neutron
yields and fragment total kinetic energies (TKE) with
valleys in the multi-dimensional potential, which im-
ply particularly stable combinations of mass splits.
The nomenclature introduced in [240], which dis-
tinguishes the ”super-long” (SL) symmetric fission
mode and the asymmetric ”standard” fission modes
in sequence of increasing mass asymmetry (S1,S2), is
still used. Often, they are labeled as fission chan-
nels. Fine structures in the fission-fragment mass
and nuclear-charge distributions were analyzed with
the combinatorial model of Nifenecker et al. [241].
However, both models [240, 241] rather remained on
the level of empirical parametrizations. After first
qualitative considerations on the dynamical evolution
of the fissioning system at low excitation energies,
e. g. by the S-matrix formulation of Nörenberg [242],
two types of microscopic quantum-dynamic calcula-
tions have been performed rather early. Already in
1978, the time-dependent Hartree-Fock method [243]
was applied to fission. Later, time-dependent calcu-
lations based on the generator-coordinate method us-
ing Hartree-Fock-Bogoliubov states were performed,
and the most probable fission configuration of 240Pu
was analyzed [239]. Wilkins et al. [244] performed
quantitative calculations of fission quantities, for ex-
ample fission-fragment mass distributions, charge po-
larization (that leads to different N/Z ratios of the
two complementary fragments), total kinetic energies
and prompt-neutron multiplicities, with a static sta-
tistical scission-point model, including the influence
of shell effects and pairing correlations.2 Although
this model disregards any influence of the dynam-
ics, which prevents for example obtaining any in-
formation on dissipation or fission times, successors
of this model are still being developed [36, 49, 52],
often achieving a good reproduction of measured
mass distributions and other quantities, for example
for thermal-neutron-induced fission of 232Th, 235U,
239Pu, and 245Cm [36], and for spontaneous fission of
nuclei around 258Fm and above [49].

The status of experimental and theoretical research
described in this section, which we denote as former
knowledge, has been achieved around the 50th an-
niversary of the discovery of fission in 1989, when
the “conventional” technical possibilities of experi-
mental equipment and computer power, respectively,
had been exploited to a large extent. Considerable
progress has been achieved in the following years up
to present times, mostly due to novel experimental
methods and the exponentially developing possibili-
ties for performing appreciably more complex theo-
retical calculations, as described in the following sec-
tions.

3 Experimental innovations

There has been a continuous progress in the qual-
ity of experimental equipment by the development in

2See section 4 for detailed information about the different
theoretical approaches.

technology on many fields. This allowed to improve
the quality and to extend the quantity of experimen-
tal results in many aspects. As a direct consequence,
the data basis for applications in nuclear technology
has considerably improved. In the present section, we
give a concise overview on only a few major develop-
ments that gave a considerably improved insight into
the physics of the fission process. A comprehensive
and detailed overview on technological developments
and new experimental results is presented in a dedi-
cated review that appeared very recently in the same
journal [245].

3.1 Accessible fissionable nuclei

The progress in the understanding of fission heavily
relied and still relies on the development of advanced
experimental methods. A severe restriction is still
the availability of fissionable nuclei as target mate-
rial. Therefore, the traditional use of neutrons for
inducing fission offers only a rather limited choice of
fissioning systems. These limitations were more and
more overcome by alternative methods: For instance,
spontaneously fissioning heavy nuclei are being pro-
duced by fusion reactions [246] since many years,
as already mentioned. These experiments provide
fission-fragment mass distributions for very heavy nu-
clei, finally limited by statistical uncertainties due to
the low number of nuclei being produced [237].

Recently, very neutron-deficient nuclei, e.g. in the
Z = 80 region, were produced in spallation reac-
tions at ISOLDE [247], CERN, which undergo beta-
delayed fission [248]. This experiment profited from
an unambiguous identification of the fissioning nu-
clei, mass selection by ISOLDE, and Z selection
by the resonance-ionization laser ion source RILIS
[249]. A pronounced double-humped mass distribu-
tion was found for the fission fragments of the com-
pound nucleus 180Hg, formed as the daughter nucleus
after beta decay of 180Tl, which has similarities with
the double-humped mass distribution observed pre-
viously by Itkis et al. [250] for the fission of excited
201Tl that is situated close to beta stability, in an
alpha-induced reaction. Fission-fragment mass dis-
tributions were also studied in the beta-delayed fis-
sion of the daughter nuclei 178Hg and 194,196Po at
ISOLDE and 202Rn at SHIP (GSI) [248], and asym-
metric fission, respectively, complex shapes were ob-
served. These unexpected observations triggered sev-
eral experiments with different techniques (heavy-ion
fusion-fission reactions and electromagnetic-induced
fission in inverse kinematics) and a number of theo-
retical works with self-consistent and stochastic mod-
els. They will be described in detail in the fol-
lowing. Again, by the study of beta-delayed fis-
sion at ISOLDE, Ghys et al. [153] found a single-
humped fission-fragment mass distributions in the
beta-delayed fission of the daughter nucleus 194Po
and indications for triple-humped distributions for
196Po and 202Rn. Asymmetric fission was observed
following the population of 182Hg at an excitation
energy of 22.8 MeV above the saddle point, while
symmetric fission was observed for 195Hg nuclei at
a similar excitation energy above the saddle point
in heavy-ion fusion-fission reactions [174]. In this
case, the situation is complicated by the possibil-
ity of multi-chance fission, that means contributions
from fission of neighboring nuclei at lower excitation
energy after pre-fission emission of neutrons and, in
the case of very neutron-deficient systems, also pro-
tons. Multi-chance fission should also be considered
when interpreting the measured mass distributions of

5



180Hg and 190Hg, formed in 36Ar-induced reactions
[251], where asymmetric fission was found, and for
the measured mass distributions of 179Au and 189Au,
formed in 35Cl-induced reactions [252], where sym-
metric fission was observed for the lighter system,
while the heavier system showed indications for an
asymmetric component. These experiments revealed
the complexity in the fission-fragment mass distribu-
tions in the lead region, but they are still too fragmen-
tary to establish a full systematics of the variations
with the fissioning system. Although beta-delayed
fission is especially suited for studying low-energy fis-
sion, it is very restricted to nuclei with beta Q values
above or not much below the fission threshold and
high fission probabilities. These are mostly odd-odd,
very neutron-deficient nuclei. Alternative techniques
are required to establish a more complete systemat-
ics of low-energy fission in the lead region. The most
promising one is electromagnetic fission of secondary
beams at relativistic energies that will be mentioned
below.

Advanced experimental studies on light-charged-
particle-induced fission probabilities of systems that
are not accessible by neutron-induced fission are
being performed systematically. These surrogate-
reaction studies focus on the ability of these alterna-
tive reactions to simulate neutron-induced reactions
[253]. Also recently, the use of heavier ions, for exam-
ple 16O, in transfer reactions allowed to appreciably
extend the range of fissionable nuclei available for fis-
sion studies and for measuring the fission-fragment
mass distributions over an extended range of exci-
tation energy [190] at the JAEA tandem facility at
Tokai. Moreover, comprehensive studies on fission of
transfer products of 238U projectiles, impinging on a
12C target, have been performed at GANIL, Caen, in
inverse kinematics, covering fission probabilities [116]
and fission-fragment properties like yields of all pro-
duced nuclides that are identified in Z and A, as well
as fission-fragment kinetic energies [167].

The most remarkable enlargement in the number
of systems, being accessible for low-energy fission
studies was provided by exploiting the fragmentation
of relativistic 238U projectiles at GSI, Darmstadt.
From the results obtained up to now, one can es-
timate that more than 100 mostly neutron-deficient
projectile fragments with A ≤ 238 are accessible for
low-energy fission experiments in inverse kinematics
by electromagnetic excitations [254, 115, 170, 191].
When fission events after nuclear interaction are sup-
pressed, the induced excitation-energy distribution
centers at about 14 MeV above the ground state with
a FWHM of about 7 MeV [254]. First results pro-
vided a systematic mapping of the transition from
asymmetric fission around 235U to symmetric fission
around 217At by measuring the fission-fragment Z
distributions [254]. Recently, investigations with rel-
ativistic secondary beams were performed also at GSI
by the SOFIA collaboration (Studies Of Fission with
Aladin) with an improved set-up that provided an
unambiguous identification of the fission fragment in
Z and A [115, 170, 191]. An exploratory study re-
vealed that this method is also applicable for ligher
nuclei, extending to the neutron-deficient lead region
[170].

3.2 Boosting the fission-fragment ki-

netic energies

The identification of fission products poses a severe
problem. First experiments were based on radio-
chemical methods [255, 256]. Although this approach

provides unambiguous nuclide identification (in A
and Z) of the fission fragments, it is not fast enough
for determining the yields of short-lived fragments,
and it suffers from normalization problems, e.g. by
uncertainties of the gamma-spectroscopic properties.
Identification with kinematical methods by double
time-of-flight [257, 258] and double-energy measure-
ments [259] provides complete mass distributions,
however, with limited resolution of typically 4 mass
units FWHM [114] and problems in the mass cal-
ibrations due to uncertainties in the correction for
prompt-neutron emission [125]. At the expense of
a very small detection efficiency, the COSI-FAN-
TUTTE set-up [260, 261] had some success in mea-
suring mass and nuclear charge of fission fragments
at high total kinetic energies in the light group in
thermal-neutron-induced fission of some suitable tar-
get nuclei by combining double time-of-flight, double-
energy and energy-loss measurements. The LOHEN-
GRIN separator brought big progress in identifying
the fission products in mass and nuclear charge [262],
although the Z identification was also limited to the
light fission-product group. This technique was ap-
plied to thermal-neutron-induced fission of a num-
ber of suitable targets that were mounted at the ILL
high-flux reactor, see Ref. [232]. Recent attempts for
developing COSI-FAN-TUTTE - like detector assem-
blies with higher detection efficiency and better res-
olution are presently being made, but showed only
limited success up to now [263, 264, 265, 266, 267].
In particular, the Z resolution is severely impeded by
straggling phenomena.

Full nuclide identification (in Z and A) of all fis-
sion products has only been achieved by boosting the
energies of the products in inverse-kinematics experi-
ments and by using powerful magnetic spectrometers
[254, 115, 170, 191, 137, 268].

3.3 Results

Some of the most prominent new results have been
obtained in fission experiments performed in inverse
kinematics on electromagnetic-induced fission at rel-
ativistic energies [254, 170, 191] and on transfer-
induced fission at energies slightly above the Coulomb
barrier [167] at the VAMOS spectrometer of the
GANIL facility.

In Ref. [254], the fission-fragmentZ distributions of
70 fissionable nuclides from 205At to 234U were mea-
sured, using beams of projectile fragments produced
from a 1 A GeV 238U primary beam and identified
by the fragment separator of GSI, Darmstadt. The
measured Z distributions show a gradual transition
from single-humped to double-humped distributions
with increasing mass, with triple-humped distribu-
tions for fissioning nuclei in the intermediate region
around A = 226. The position of the heavy com-
ponent of asymmetric fission could be followed over
long isotopic chains and turned out to be very close to
Z = 54 for all systems investigated. In a refined anal-
ysis, it was shown that the mean Z values of the con-
tributions to the heavy component from the two most
prominent asymmetric fission channels are nearly the
same for all actinides [269]. Moreover, the odd-even
structure in the Z yields was found to systematically
increase with asymmetry and to have similar magni-
tudes for even-Z and for odd-Z fissioning nuclei at
large asymmetry [270, 271]. The importance of these
findings for the theoretical understanding of the fis-
sion process is further discussed in sections 4.3.2 and
4.3.3.

The SOFIA experiment [115, 170, 191] that used a
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refined and extended set-up compared to the one used
in Ref. [254] made possible to fully identify unam-
biguously event by event all fission products in Z and
A from electromagnetic-induced fission of relativistic
238U beam and its fragmentation residues. The ex-
periment profited also from the higher available beam
intensity, which allowed to extend the range of nuclei
to be investigated and to reduce the statistical uncer-
tainties.

Figure 1: (Color online) Logarithmic four-point dif-
ferences δn [272] in the fission-fragment neutron-
number distribution for electromagnetic-induced fis-
sion of 238U measured in the SOFIA experiment [273]
and in thermal-neutron-induced fission of 235U [274].
The figure shows the most relevant data in the range
that contains about 90% of the N distribution of
the system 235U(nth,f) in the light fission-fragment
group.

As one of the most prominent results, this experi-
ment showed for the first time that the fine structure
in the fission-product N distribution depends only
weakly on the excitation energy of the fissioning sys-
tem, in contrast to the odd-even staggering in the Z
distribution. This can be seen in figure 1, where the
logarithmic four-point differences3, δn(N + 3/2) =
1/8(−1)N+1(ln Y (N +3)− lnY (N)−3[ln Y (N +2)−
lnY (N + 1)]), of the fission-fragment N distribution
from the SOFIA results for electromagnetic-induced
fission of 238U are compared with those obtained for
thermal-neutron-induced fission of 235U.4 Around the
maximum of the N distribution at N ≈ 56, the δN
values are almost identical, and they are fairly close
below and above N = 56. In contrast, the odd-even
staggering in the Z distribution decreases by about
50% [271] when comparing electromagnetic-induced
with thermal-neutron-induced fission. See section
4.3.3 for further discussion of the fine structure in
the fission-fragment yields.
Also in the VAMOS experiment on transfer-

induced fission and fusion-fission around the Coulomb
barrier in inverse kinematics, a separation in Z and

3The logarithmic four-point difference [272] quantifies the
deviations of a distribution from a Gaussian function, see sec-
tion 4.3.3. It is used to determine the local odd-even stagger-
ing [275], but it contains also other contributions, for example
from fine structures due to shell effects and from a kerf between
different fission channels.

4Unfortunately, there are no data available yet that allow
comparing the N distributions for the same fissioning nucleus.
However, the neutron separation energies, which are believed
to be at the origin of the odd-even staggering in neutron num-
ber, see Ref. [276] and section 4.3.3, vary only little along the
slight displacement in the fission-fragment Z distributions for
a fixed N . Moreover, a direct comparison is anyhow not pos-
sible due to the presence of multi-chance fission in the SOFIA
experiment.

A of all fission products was obtained [137], although
the peaks showed some overlap, preventing an un-
ambiguous event-by-event identification. This exper-
iment provided for the first time complete fission-
product nuclide distributions after the formation of
a 250Cf compound nucleus at an excitation energy
as high as 45 MeV, produced in the fusion of 238U
projectiles with 12C [137] and a number of transfer
products [277]. This enabled, for the first time, to
systematically study the dependence of the fission-
fragment N/Z degree of freedom (charge polarization
and fluctuations) on excitation energy [137, 164, 277],
regarding that the full nuclide identification had pre-
viously been obtained for the light fission products
from thermal-neutron-induced fission of a small num-
ber of fissioning systems, only.
The observation of a double-humped mass distribu-

tion in the fission of the very neutron-deficient 180Hg
nucleus in beta-delayed fission and different kind of
structure in the mass distributions from fission of
other nuclei in this region in different experiments
[248] demonstrated that complex structural effects
are a rather general phenomenon in low-energy fis-
sion, not restricted to asymmetric fission in the ac-
tinides and multi-modal fission around 258Fm. This
result demonstrates that, contrary to the symmet-
ric fission in neutron-rich Fm isotopes, which is ex-
plained by the simultaneous formation of two frag-
ments close to the doubly-magic 132Sn, the produc-
tion of two semi-magic 90Zr fragments is not favored
in the case of 180Hg. A large variety of neutron-
deficient nuclei reaching down even below mercury
is also accessible to fission studies at energies close to
the fission barrier with the SOFIA experiment. A few
exploratory measurements have already been made
[278].
The experimental observations in the lead region

were related to peculiarities due to shell effects in
the potential-energy landscape, calculated with the
macroscopic-microscopic approach [22, 28, 153] or
with microscopic self-consistent methods [25, 26, 37,
153], partly applied in full calculations of the mass
distributions with the scission-point model [22, 25,
28, 65] or in systematic calculations with the stochas-
tic random-walk formalism [248, 153, 55].
A glance on the present status of experimental fis-

sion research is exhibited in figure 2 that gives an
overview on the observed fission-fragment mass and
nuclear-charge distributions. These are among the
most prominent signatures of nuclear structure in
low-energy fission. Although the coverage on the
chart of the nuclides is still very incomplete, the sys-
tematic variations of the fission-fragment distribu-
tions with mass and nuclear charge of the fissioning
system are already rather well evidenced. The experi-
ments performed during the last two decades account
for a large share of this achievement.
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Figure 2: (Color online) Updated overview of fissioning systems investigated up to ∼2016 in low-energy
fission with excitation energies up to 10 MeV above the fission barrier. In addition to the systems for
which fission-fragment mass distributions (FFMDs) have previously been obtained in particle-induced and
spontaneous fission (◦), the nuclei for which fission-fragment Z distributions after electromagnetic excitations
were measured in the 1996 experiment [254] and in the recent SOFIA experiment [170, 191] in inverse
kinematics at the FRS at GSI (×) and the fissioning daughter nuclei studied in β-delayed fission (⋄) are
shown. Full diamonds mark systems for which FFMD were measured, the data are from [248, 153] and
references therein. Furthermore, 25 nuclei are marked (+), including FFMDs obtained from multi-nucleon-
transfer-induced fission with 18O+232Th [182] and 18O+238U target [251]. Several examples of measured
FFMDs are shown, data from Refs. [250, 279, 274, 280]. For orientation, the primordial isotopes are indicated
by squares. The figure is a modification of figure 1 in Ref. [254], of figure 1 in Ref. [248], and of figure 5 in
Ref. [245].
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4 Theoretical innovations

In the following, we will give a survey on the abil-
ity of different presently used theoretical approaches
and ideas to closely reproduce experimental fission
observables and to reveal the physics behind. Because
the dynamics of the fission process and the influence
of shell effects and pairing are considered to be es-
sential assets for the understanding of low-energy fis-
sion, static and purely macroscopic approaches are
not included. The survey comprises microscopic self-
consistent approaches, stochastic models and a re-
cently developed semi-empirical approach. In con-
trast to the self-consistent and the stochastic ap-
proaches, which are presently restricted to the de-
scription of a rather small subset of fission observ-
ables, this semi-empirical model [224] covers essen-
tially all fission quantities and their mutual correla-
tions. This is why the physics background and the
abilities of this model will be described in more de-
tail in this review.

The self-consistent microscopic theory aims at
describing the fission process in the quantum-
mechanical framework under the influence of an ef-
fective nuclear force, see section 4.1. This is the most
ambitious and the most fundamental approach, but
it still faces considerable technical and computational
difficulties. Also several formal or conceptual issues
are not fully solved. A review on the present status
of this type of models, in particular of the implemen-
tation, solution methods and results of microscopic
self-consistent fission modeling based on the nuclear-
density-functional formalism is given by Schunck and
Robledo [80].

Stochastic models describe the fission process by a
transport equation, whereby the concepts of statisti-
cal mechanics are applied to describe the irreversible
approach towards statistical equilibrium, see section
4.2. In recent applications, the stochastic processes
are introduced by a random force in the numerical so-
lution of the Langevin equations or by a random-walk
approach. These stochastic models are essentially
classical, while quantum-mechanical features only en-
ter partially, e.g. by the macroscopic-microscopic de-
scription of the potential-energy landscape. Detailed
considerations on the validity of transport theories
and a survey of the respective theoretical approaches
can be found in Refs. [281, 282]. Also stochastic mod-
els are computationally demanding and restricted to
the description of a limited number of degrees of free-
dom. The reader, who is interested in an exhaustive
overview on self-consistent and stochastic fission the-
ories can find it, among other topics, in the textbook
of Krappe and Pomorski [283].

A recently developed semi-empirical model descrip-

tion [224] by-passed the great complexity that is en-
countered when striving for an ab-initio modeling of
the fission process by concentrating on the essen-
tial features of the process that mostly influence the
observables, see section 4.3. Qualitative and semi-
quantitative ideas in this direction have been devel-
oped long time ago, see for example Ref. [284]. The
ability to obtain rather accurate consistent quantita-
tive results for practically all fission observables was
achieved by linking the observables for different con-
ditions (for example for fissioning systems with differ-
ent A and Z and for different initial excitation ener-
gies and angular momenta) by a tailored theoretical
frame. Thus, the experimental data were traced back
to a rather limited number of about 100 empirical
model parameters, from which about 50 are decisive
for the actual fission process. These simultaneously

describe a large variety of fissioning systems with a
unique set of parameter values.

4.1 Microscopic self-consistent ap-

proaches

4.1.1 Basic considerations

A number of dynamical self-consistent quantum
transport theories have been developed for handling
nuclear reactions ranging from ab initio to self-
consistent mean-field approaches. A description of
the different methods can be found for example in the
habilitation thesis of D. Lacroix [285]. The applica-
tion to nuclear fission poses considerable challenges
on suitable algorithms and computation resources
and is presently an active field of development. Up
to now, only theories based on the mean-field ap-
proximation have been applied to fission. Due to the
tremendous number of possible final configurations,
the fissioning system must be treated as an open sys-
tem, where only a sub-class of the degrees of freedom
associated to the system is explicitly considered, be-
cause it is technically impossible to simultaneously
treat all (collective and intrinsic) degrees of freedom
explicitly in a fully quantum-mechanical framework
[286, 61]. Either only few collective degrees of free-
dom are treated or the collective degrees of freedom
result from the assumption of non-interacting nucle-
ons in a mean field. Moreover, microscopic theories
suffer also from an incomplete treatment of nuclear
dissipation. Techniques have been proposed to model
quantum dissipation in collective motion as an inter-
action with a heat bath that represents all intrinsic
degrees of freedom, e.g. [287, 288, 289], but also this
simplified scenario has not yet been used in modeling
fission. In general, current microscopic fission mod-
els, which will be described in the following, either
assume adiabaticity (decoupling of collective and in-
trinsic degrees of freedom), or they only include one-
body dissipation. Two-body dissipation is only par-
tially treated by including pairing correlations in the
calculations that consider one-body dissipation.

4.1.2 Density-functional theory

As said before, all the existing microscopic models
of fission are based on teh mean-field approximation.
Unfortunately, there is a significant ambiguity in the
names given to the different approaches in literature.
Therefore, for the sake of clarity, here we adopt the
notation given in the recent review article on the mi-
croscopic theory of fission by Schunck and Robledo
[80].
As shown in [80], all the microscopic models that

have been applied to fission so far make use of the
density-functional theory (DFT), where the term
DFT includes self-consistent mean-field theory and
extensions beyond mean field. Within this frame-
work, the many-body nucleon interactions are ap-
proximated by a mean field, where the nucleons
evolve independently, the mean field being itself de-
termined by the ensemble of nucleons. The energy
of the nucleus is a functional of the one-body density
matrix, which is determined by solving the Hartree-
Fock (HF) or the Hartree-Fock-Bogoliubov (HFB)
equation, although in some cases pairing is intro-
duced by using the BCS approximation to the HFB
equation. Introducing an energy-density functional
(EDF) [290] offers considerable conceptual and prac-
tical simplifications to the solution of the many-body
problem. In general, the EDF is derived from an
effective two-body nuclear potential, typically the

9



Skryme or the Gogny effective interactions. Note that
the parameters of these effective interactions are ad-
justed to experimental data. For attempts to deduce
the nuclear force from QCD see Refs. [291, 292].

Fission dynamics can only be treated approxi-
mately either by assuming adiabaticity, i.e. no cou-
pling between collective and intrinsic degrees of free-
dom, or by representing the wave function at each
time by the solution of a HF or, only very recently,
a HFB mean field. We refer to [80] for a detailed de-
scription of the DFT theory applied to fission and a
complete list of the appropriate references. Here, we
only intend to give an overview on the achievements
of this kind of approach in contributing to a better
understanding of the fission process, on the variety of
sophistication and the challenges self-consistent mi-
croscopic fission theory is facing.

4.1.3 Application to fission

Table 1 lists the main approaches based on the DFT
that have been applied to fission, together with their
main assumptions and the fission quantities and fis-
sioning systems that have been considered. Notice
that the study of odd-mass fissioning nuclei poses ad-
ditional difficulties with respect to even-even nuclei
and, thus, they are only rarely considered in DFT.

The two first approaches listed in Table 1 have
in common a first static step, where the potential-
energy surface (PES) as a function of few selected
collective coordinates and the collective inertia, which
determines the response of the fissioning nucleus to
changes in the collective variables, are calculated by
solving the HFB equation. For computing the PES,
the energy of the system is determined under the
constraint of the coordinates of the relevant degrees
of freedom on a grid of points. In each point, the
shape of the system is optimized in a self-consistent
way with respect to its energy while respecting the
imposed constraints. Figure 3 shows the potential-
energy surface of 226Th, calculated in a self-consistent
mean-field approach, as an example.

The choice of the collective variables is a key point
in these approaches. Reasonable choices of the rel-
evant collective variables (often coming from studies
performed with the semi-classical models described
in section 4.2) are usually made, but there is always
some degree of arbitrariness in the selection. The ad-
dition of collective variables or changes in the defini-
tion of the relevant collective degrees of freedom can
significantly reduce discontinuities in the PES [293]
and strongly impact the results. We further discuss
the issues of the number of collective coordinates and
the PES discontinuities below and in section 5.1. Fis-
sion dynamics is considered in a second step.

The first approach listed in Table 1 is mainly
used in spontaneous fission, where the evolution
of the nucleus from the ground state to scission
proceeds by tunneling through the fission barrier.
Spontaneous fission is generally characterized by the
fission half-live, which is inversely proportional to
the transmission coefficient through the multidimen-
sional PES. The transmission coefficient is computed
semi-classically with the Wentzel-Kramers-Brillouin
(WKB) approximation [294]. From the calculated
PES, it is possible to deduce a one-dimensional fis-
sion barrier, which can be compared to the one-
dimensional barriers deduced from experimental data
on fission cross sections or probabilities; this will be
discussed in section 4.3.1.

The second approach in Table 1 is generally ap-
plied to induced fission at low energies. The evolu-

Figure 3: (Color online) Self-consistent quadrupole-
and octupole-constrained deformation-energy surface
(in MeV) of 226Th in the plane spanned by the
quadrupole and octupole deformation parameters β2

and β3. (PC-PK1 denotes the used energy-density
functional.) The red curve is the static fission path.
The density distributions for selected deformations
along the fission path are also shown. Figure taken
from [95].

tion of the fissioning nucleus is computed using the
adiabaticity approximation. As said above, this im-
plies that the collective coordinates are completely
decoupled from the intrinsic degrees of freedom, and,
consequently, the system does not experience any
intrinsic excitation during the course of the reac-
tion. The dynamical evolution up to scission is ob-
tained with the time-dependent generator coordinate
method TDGCM [239, 295, 76] assuming the Gaus-
sian overlap approximation GOA [296]. A step to-
wards a full dynamical microscopic description of the
fission process that goes beyond the adiabatic ap-
proximation is the generalization of the TDGCM ap-
proach by including two-quasi-particle excitations on
the whole fission path in the Schrödinger Collective
Intrinsic Model by Bernard et al. [14]. To our knowl-
edge, this approach has not yet been applied to infer
measurable fission quantities.

Within the adiabatic approximation, there is no
scission mechanism, and there is again some part of
arbitrariness in the definition of the scission configu-
ration. The definitions of scission are either geomet-
rical (e.g. the neck size) or dynamical (ratio between
the Coulomb and the nuclear forces). These defini-
tions ignore quantum-mechanical effects in the neck
region. These effects were investigated by Younes and
Gogny [21], who observed that the fission-fragment
density distributions have large tails that extend into
the other fragment, even when the size of the neck
is very small. The authors extended the quantum-
localization method used in molecular physics to fis-
sion by introducing a localization indicator to sort
the quasi-particles into the two pre-fragments. They
showed that the application of quantum localization
yields more realistic fission-fragment properties at
scission. The quantum-localization approach was ex-
tended to finite temperature (i.e. excitation energy
above zero) by Schunck et al. [60]. The latter studies
of scission are static in nature. We will show below
how the third type of approaches can contribute to a
better understanding of the dynamics of scission.

In [80], the third type of approaches listed in Ta-
ble 1 is grouped in the so-called time-dependent
density-functional theory (TDDFT). Although, in
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literature, these approaches are denoted in dif-
ferent ways: time-dependent Hartree-Fock TDHF,
time-dependent Hartree-Fock-Bogoliuvov TDHFB or
time-dependent energy-density functional TDEDF.
In TDDFT, the real-time evolution of the nuclear sys-
tem is simulated from an initial condition up to scis-
sion by calculating the nuclear wave function at each
time with a mean field that results from solving the
HF or the HFB equation. TDDFT performs the evo-
lution of single-particle states self-consistently under
the assumption that the system is described by a state
of independent particles or a Slater determinant at all
times. From this evolution, one can infer the behav-
ior of any collective one-body degree of freedom (as
e.g. multipole deformation, neck formation, fragment
kinetic energies, etc.). However, the assumption of in-
dependent particles leads to a strong underestimation
of the fluctuations of the collective degrees of free-
dom. In this sense, one can consider that in TDDFT
the evolution of the collective degrees of freedom is
treated semi-classically [297]. As explained in [80],
this prevents this type of approaches from predict-
ing realistic fission-fragment distributions, and, gen-
erally, only average fission-fragment properties can be
calculated. In addition, tunneling through the bar-
rier is not included, which implies that TDDFT cal-
culations of low-energy or spontaneous fission have
to start beyond the fission barrier. The starting
point or the initial condition of the calculations is
usually obtained following the same procedure as in
the static step of the two first approaches of Table
1. The choice of variables used in this static part
can have a significant impact in the subsequent dy-
namical calculations since in principle TDDFT can-
not spontaneously break symmetry. For example, oc-
tupole deformation, which is necessary to form frag-
ments with different masses, does not emerge sponta-
neously but has to be imposed already at the start-
ing point of the dynamical evolution. TDDFT has
the advantage that it is not based on the hypothe-
sis of adiabaticity. Indeed, it automatically includes
one-body-dissipation effects: as the nucleus changes
its shape, single-particle excitations (or quasi-particle
excitations when pairing correlations are taken into
account) are included, which slows down the collec-
tive motion. TDDFT calculations that include pair-
ing correlations [298] account partly for the Landau-
Zener effect [299, 300]. Therefore, in HFB or HF-BCS
calculations two-body dissipation is partially consid-
ered. In the TDDFT, scission occurs naturally at
some time as a result of the competition between nu-
clear and Coulomb forces. Because the fragments can
experience a rapid change in shape at scission, the
TDDFT is better suited to describe scission dynam-
ics than the adiabatic approach previously described.

In most calculations based on the TDDFT it is
required that the starting point is located well be-
yond the outer barrier (e.g. [50, 58, 61]) or that it
has an additional initial collective energy or boost
(e.g. [61, 70]) for the system to evolve to scission.
The appearance of such a dynamical threshold was re-
cently attributed by Bulgac et al. [67] to restrictions
for transitions of a Cooper-pair state with opposite
angular momenta into other Cooper-pair states with
different angular momenta. This prevents the sys-
tem to adopt the most strongly bound states. Bulgac
et al. have been the first to perform a full TDHFB
calculation of induced fission, which they refer to as
time-dependent superfluid local-density approxima-
tion TDSLDA. Solving the TDHFB equation is sub-
stantially more involved numerically than solving the
TDHF equation. In [67], the evolution from a point

slightly beyond the barrier up to scission was achieved
by allowing transitions between magnetic sub-states
by means of a complex pairing field that varies in
time and in space during the evolution. The evolu-
tion of the proton and neutron densities and of the
corresponding pairing fields for the fission of 240Pu at
an exciation energy of 8.05 MeV are shown in figure
4.

Figure 4: (Color online) The left column shows the
neutron (proton) densities ρn,p (r) (per fm3) in the
top (bottom) half of each frame. In the right column
the pairing field ∆n,p(r) (in MeV) for the neutron
(proton) systems are displayed in the top (bottom)
of each frame. The time difference between frames is
∆t = 1600 fm/c. The scale of the values is given by
the color bars on the left (right) for densities (pair-
ing gaps), and with upper (lower) ones for neutrons
(protons). Figure taken from [67].

More recently, Tanimura et al. [94] proposed a
novel method to describe quantum fluctuations and
spontaneous symmetry breaking together with the
possibility to obtain fully microscopically fragment
mass and TKE distributions in spontaneous fission.
The method consists of simulating quantum and ther-
mal effects by a sampling of initial conditions, fol-
lowed by quasiclassical evolutions with a TDHF +
BCS approach. A significant increase of the fluc-
tuations in the collective degrees of freedom by the
sampling of initial conditions was observed. More-
over, with the exploration of the initial phase space
(even without inclusion of pairing effects) no dynami-
cal threshold was observed. In total, few hundred tra-
jectories starting from different initial densities were
propagated in time. This sampling of trajectories was
possible because TDHF+BCS is much more afford-
able numerically than TDHFB [80].
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Table 1: Synthetic description of the main microscopic approaches that have been applied to fission.

Theory Main assumptions Quantities and sys-
tems described

Selected ref-
erences

Density-Functional
Theory with
Energy-Density
Functionals based
on Skyrme or
Gogny effective
potential.

Description of the potential-energy
surface with few selected collective
degrees of freedom.
Tunnel transmission coefficient ob-
tained with the WKB approxima-
tion.

Spontaneous-fission
half-lives of even-even
fissioning nuclei.

[44],[301],
[33]

Description of the potential-energy
surface with few (presently two) se-
lected collective degrees of freedom.
The scission configuration must be
explicitly defined.
Dynamical evolution from the
ground state to scission obtained
with TDGCM-GOA assuming adi-
abaticity, i.e. no coupling between
collective and intrinsic degrees of
freedom.

Fission-fragment
mass and charge
distributions of few
even-even fissioning
nuclei, mainly 226Th,
236,238U, 240Pu, and
252Cf at low energies.

[295],[302],
[76],[95],[97]

Dynamical evolution from a point be-
yond the fission barrier with TDHF,
TDHF-BCS or TDHFB. This im-
plies:
-Semi-classical evolution of one-body
collective degrees of freedom. No
tunneling.
-One-body dissipation is included.
TDHFB and TDHF-BCS include
also partly the Landau-Zener effect.

Most probable kinetic
and excitation energies
of the fission fragments
for a few even-even fis-
sioning nuclei, mainly
240Pu at low energy
and 258,264Fm, spon-
taneous fission. Only
recently, fairly realis-
tic kinetic-energy and
fragment-mass distri-
butions have been ob-
tained for 258Fm.

[46],[50],[58],
[61],[67],[70],
[94]

Note: All approaches are based on the Density-Functional Theory, as described in [80]. The second column lists the
main assumptions underlying the different approaches, the third column gives the fission quantities and fissioning
systems that have been computed, and the last column gives some selected references for each approach.
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4.1.4 Selected results

In the following, we will discuss some selected results
obtained with the three approaches listed in Table 1.

Staszczak et al. [301] studied the multi-modal
spontaneous fission of isotopes from californium to
hassium with the DFT solving the HF-BCS equa-
tion in two-dimensional collective spaces with the
Skyrme effective interaction. They calculated a two-
dimensional PES involving the quadrupole and oc-
tupole moments and another two-dimensional PES
involving the quadrupole and hexadecupole degrees
of freedom. Observed fission characteristics in this
region were traced back to topologies in the multidi-
mensional collective space by searching for the opti-
mum collective trajectory. The authors predicted tri-
modal fission for several rutherfordium, seaborgium,
and hassium isotopes where the compact symmetric
(consisting of two spherical fragments of the same
mass), the elongated symmetric and the elongated
asymmetric modes co-exist. The spontaneous-fission
half-lives were calculated with the WKB approxima-
tion for the double-humped potential barrier, assum-
ing a one-dimensional tunneling path along the elon-
gation degree of freedom.

In a later work, Staszczak et al. [33] solved the
HFB equation with the Skyrme effective interaction
and computed the spontaneous-fission half-lives along
the entire Fm isotopic chain reproducing within 1-2
orders of magnitude the experimental trend of the
lifetime as a function of neutron number of even-
even isotopes. Geometrical degrees of freedom, typ-
ically multipole moments, are very important for a
realistic description of fission. However, recent work
showed that fission can also be very sensitive to non-
geometric collective variables such as pairing corre-
lations. For example, Sadhukhan et al. [44] demon-
strated that the inclusion of pairing collective degrees
of freedom has a huge impact on the spontaneous-
fission half-lives of 264Fm and 240Pu.

The first realistic calculations of fission-fragment
kinetic-energy and mass distributions obtained with
the second approach were performed by Goutte et
al. [295]. The authors solved the TDGCM equations
using the GOA and the D1S Gogny force for 238U
at excitation energies slightly above the fission bar-
rier. The quadrupole and octupole moments were
considered to be the two relevant collective parame-
ters of the fissioning system. Figure 5 shows the eval-
uation [303] for the fission-fragment mass distribution
of 238U in comparison with the results of a static one-
dimensional calculation of collective stationary vibra-
tions along the sole mass-asymmetry degree of free-
dom (left-right asymmetry) for nuclear configurations
just before scission and with a full time-dependent
calculation involving the two-dimensional PES. The
maxima of the one-dimensional mass distribution lie
close to the Wahl evaluation indicating that the most
probable fragmentation is essentially due to the prop-
erties of the potential-energy surface at scission, i.e.
to shell effects in the nascent fragments. However, it
is clear that reproducing the width of the mass dis-
tribution requires including dynamical effects in the
descent from saddle to scission of the two-dimensional
PES.

The same approach as Goutte et al. was used by
Younes and Gogny [302] to compute fission-fragment
mass distributions of 236U and 240Pu at different
neutron incident energies ranging from 0 to 5 MeV.
Instead of the commonly used multipole moments,
Younes and Gogny used two collective variables sim-
ilar to the ones used in macroscopic-microscopic ap-

Figure 5: Comparison between the calculated one-
dimensional mass distribution (dotted line), the mass
distribution of 238U resulting from the dynamic cal-
culation (solid line) with the initial state located 2.4
MeV above the barrier, and the Wahl evaluation
(dashed line) [303]. The calculation has been per-
formed with the TDGCM-GOA approach [295]. The
figure is taken from Ref. [295].

proaches: the distance between the fragments and
the mass asymmetry. As a result of this choice, the
discontinuities in the PES were significantly reduced,
particularly near scission. Figure 30 in [80] shows
that the resulting mass distributions of 240Pu agree
fairly well with the data.

Regnier et al. [76] performed an elaborate study of
the influence of using different effective forces and dif-
ferent initial conditions on the pre-neutron mass and
Z distribution in the neutron-induced fission of 239Pu
at E∗ = 1 MeV above the fission barrier with the adi-
abatic TDGCM-GOA method. They found that the
qualitative features of the fission-fragment mass dis-
tributions are rather robust with respect to the effec-
tive force (see figure 6) and/or the various ingredients
of the model. The calculated mass distributions agree
rather well with experimental data, although there re-
main ambiguities in deducing the widths of the dom-
inating asymmetric components from the calculation
due to difficulties in the modeling of the fluctuations.

Calculations for the fission of 252Cf were performed
by Zdeb et al. [97] using the TDGCM-GOA approx-
imation with the aim to examine, how the initial
conditions affect the obtained fission-fragment mass
yield, especially how this quantity depends on the ex-
citation energy and the parity of the initial state. The
dependence of the mass distribution from the initial
conditions was found to be rather weak up to initial
excitation energies 4 MeV above the fission barrier.
Possible modifications of the model are discussed in
order to enhance the yields at large asymmetry, which
are considerably underestimated.

Recently, induced fission of 226Th was investigated
with the TDGCM-GOA using a relativistic energy-
density functional by Tao et al. [95]. The overall
topography of the calculated PES and the TKE val-
ues were found to be consistent with previous studies
based on the Gogny density functional [304]. The
calculated charge distribution reproduces the main
characteristics of the measured distribution, which
presents a triple-humped structure with symmetric
and asymmetric peaks. The influence of the strength
of the pairing interaction and of the initial excita-
tion energy were studied. Some prominent results are
shown in figures 7 and 8. Note that, by its nature,
the model cannot describe the odd-even staggering.
The dependence on the excitation energy appears to
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be rather weak, compared to the experimental sys-
tematics [305, 306, 254].

Figure 6: (Color online) Pre-neutron mass yields for
239Pu(n,f). The calculations by Regnier et al. [76]
obtained with the Skyrme (SKM*) and Gogny (D1S)
effective nuclear potentials are compared with the ex-
perimental datasets by Schillebeeckx and Nishio. Fig-
ure taken from [76].

Figure 7: (Color online) Nuclear-charge yields for
electromagnetic-induced fission of 226Th. The results
of calculations for three different values of the pairing
strength are compared to the data from [254]. Figure
taken from [95].

As said above, the approaches based on the adia-
batic approximation require a criterion to define the
scission configuration. Moreover, close to scission an
acceleration of the fragments may occur, inducing
nonadiabatic effects. Thus, the adiabatic approxima-
tion is expected to break down in the latter stage of
fission. These effects are crucial to properly describe
properties of the fragments such as their kinetic and
excitation energy. The TDDFT is more appropriate
for calculations of these properties since there is no
need to characterize scission, and one-body dissipa-
tion is included.

Simenel and Umar [46] studied dynamical effects
in the vicinity of scission on the kinetic and excita-
tion energies of the fragments in symmetric fission
of 264Fm with time-dependent-Hartree-Fock calcu-
lations. They considered as starting point the po-
sition after the barrier where the properties of the
emerging double-magic 132Sn fragments are well de-
fined. Simenel and Umar showed that a significant
fraction of the final excitation energy of the frag-
ments is acquired right before scission and that it is
at least partly stored in low-energy collective vibra-

Figure 8: (Color online) Nuclear-charge distribution
of fission fragments for different excitation energies.
Figure taken from [95].

tional states of the fragments. However, Simenel and
Umar neglected pairing correlations, which may be
reasonable when studying 264Fm but not to investi-
gate fission dynamics across the nuclear chart. Their
approach was extended by including pairing corre-
lations within the BCS approximation by Scamps
et al. [58] and applied to investigate multi-modal
fission of 258Fm. The resulting TKE of the frag-
ments were compared with experimental data show-
ing good agreement. Their result for the TKE of
the compact symmetric mode was located near the
main peak of the TKE distribution in agreement with
previous interpretations of the experimental data.
The measured lower TKE tail was mostly attributed
to the elongated asymmetric mode, although these
calculations predict that the elongated symmetric
mode leads to the lowest values of the TKE where
only a few events have been observed experimentally.
They showed that the time associated with the non-
adiabatic descent of the potential to scission for the
compact symmetric mode is shorter than for the two
other modes, reflecting that magic fragments are dif-
ficult to excite and deform and, thus, fission occurs
faster as less dissipation is involved.

Tanimura et al. [61] proposed a method to obtain
the collective momentum and mass associated to any
collective observable from TDDFT. They applied this
method to the fission of 258Fm and showed, how the
use of different amounts of collective energy to induce
a boost for overcoming the dynamical threshold can
impact the results. They also showed that in the
non-adiabatic case the fragments stick together for a
longer time than in the adiabatic case, indicating that
the scission point derived in the non-adiabatic case
occurs at a larger distance between the fragments.

In the first ever application of TDHFB to fis-
sion, Bulgac et al. [67] presented rather accu-
rate calculations with the time-dependent superfluid
local-density approximation (TDSLDA) of some spe-
cific average fission quantities (fragment excitation
energies, kinetic energies, saddle-to-scission time)
in thermal-neutron-induced fission of 239Pu. The
threshold anomaly (the necessity to impose an initial
boost in order to bring the system to fisssion that was
observed in previous studies) is solved by the treat-
ment of dynamical pairing. Long fission times were
obtained that were attributed to the excitation of a
large number of collective degrees of freedom (con-
firming early qualitative results of Nörenberg [242])
and not to a particularly large viscosity, i.e. coupling
between collective and intrinsic degrees of freedom.

Tanimura et al. [94] studied the fission-fragment
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mass and TKE distributions of 258Fm spontaneous
fission with TDHF-BCS. They simulate quantum and
thermal effects by a sampling of initial conditions, fol-
lowed by the quasiclassical evolution of the collective
motion with TDDFT. As said above, the authors ob-
served that this exploration of the initial phase space
(even without inclusion of dynamical pairing effects)
also solves the dynamical-threshold anomaly. The
calculated TKE distribution is in rather good agree-
ment with the experimental data, whereas the mass
distribution is still too narrow, see figure 9. From
their model they infer information on the fission pro-
cess. For instance, they show that at scission the frag-
ments are deformed and that the deformation relaxes
as the two fragments move apart from each other after
scission. In their calculation, the fragments are ex-
cited before reaching scission, which leads to a non-
negligible probability for pre-scission neutron emis-
sion.
TDDFT appears to be the most ambitious self-

consistent microscopic approach for the description
of the fission process. Therefore, it is expected that
it will gain importance and that it is going to play
a leading role in fission research in the future. As
described above, two implementations of this ap-
proach have been developed, either using the BCS
approximation (e.g. by Tanimura et al. [94]) or the
Hartree-Fock-Bogoliubov approximation (by Bulgac
et al. [67]). Apparently, some important results are
not compatible. Table 2 summarizes some promi-
nent differences in the ingredients, in the application
and in the results of the two approaches. The sci-
entific discussion that aims for solving this problem
is in progress. A crucial point is the approximate
treatment of the pairing correlations within the TD-
BCS approximation in ref. [94], which, according to
ref. [67], violates the continuity equation.
As we have seen, at present, the importance of mi-

croscopic self-consistent models for the description of
nuclear fission lies in the qualitative understanding
of several fundamental aspects, while the achieve-
ments in completeness and accuracy are in a vivid
process of development. Only a limited variety of
fission observables (mostly spontaneous-fission half-
lives, fission-fragment mass or nuclear-charge distri-
butions and fragment kinetic energies) for a few fis-
sioning nuclei are treated up to now. The practical
restrictions due to the very high demand on comput-
ing power are still severe. Even more importantly,
there are several formal or conceptual issues that are
not fully solved, as already mentioned. They will be
further discussed in section 5. In the long term, it
is hoped that many of the approximations described
above will not be needed any more and microscopic
self-consistent models will be particularly strong in
providing reliable predictions for exotic systems that
are not accessible to experimental studies.

4.2 Stochastic approaches

4.2.1 Basic considerations

Early dynamical studies of the nuclear-fission pro-
cess have been performed by Nix [308] with a non-
viscous irrotational liquid-drop model and by Davies
et al. [309] with the inclusion of two-body dissipation.
Later, Adeev et al. [310] studied the influence of one-
body and two-body dissipation on the fission dynam-
ics with a transport equation of the Fokker-Planck
type. Also in this case, like in the microscopic self-
consistent approaches, only a limited part of the large
number of degrees of freedom was explicitly treated.
In Ref. [310], the evolution of the probability-density

Figure 9: (Color online) TKE (a) and fragment mass
(b) distributions of 258Fm obtained with two differ-
ent initial conditions. The solid line represents the
experimental data. In (a) the arrow indicates the
mean TKE obtained in Ref. [58]. In the inset, the
correlation between the average TKE and the heavi-
est fragment mass (red squares) are shown in compar-
ison with results of a scission-point model [244, 307]
in dotted and dot-dashed lines. The 257Fm data are
shown by a solid line. Figure taken from [94].

distribution in a space defined by the restricted num-
ber of degrees of freedom that are considered to be
relevant is described under the influence of a driving
force and friction, including the associated statisti-
cal fluctuations. Driving force and friction represent
the interactions with the other degrees of freedom,
which are treated as a heat bath and, thus, are not
explicitly considered. However, the solution of the
Fokker-Planck equation was limited to simple cases or
subject to strong approximations. Abe et al. [311] re-
placed the Fokker-Planck equation by the equivalent
Langevin equations that can be solved numerically
in the application to fission. Monte-Carlo sampling
of individual trajectories in the space of the relevant
degrees of freedom proved to be a more practicable
way for obtaining more accurate solutions in complex
cases. However, this method requires considerable
computing resources.

4.2.2 Stochastic transport equations

The Langevin equations in their discretized form for
the evolution of the system in the time interval ∆t
between the time step i and i+ 1, read

qi+1 = qi +
pi
m
∆t (1)

and

pi+1 = pi − T
dS

dq
∆t− βpi∆t+

√

βmT∆t · Γ. (2)

q is the coordinate in the space of the relevant de-
grees of freedom, p the corresponding momentum. m
and β are the mass parameter and the dissipation
coefficient, respectively. −T dS

dq is the driving force,
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Table 2: Comparison of the different TDDFT approaches
Approach TDHF-BCS, Ref. [94] TDSLDA, Ref. [67]

Pairing model BCS approximation Bogoliubov theory
Starting point of the Between saddle and scission Near outer saddle
dynamic calculation with thermal fluctuations
Main influence on Dissipation Excitations of
fission time (intrinsic excitations) collective shape

and pairing modes
Typical fission time 1500 fm/c 10000 fm/c
Disappearance of Fluctuations of the Dynamical pairing
threshold anomaly fission path
mainly attributed to

−βpi the friction force, and
√
βmT∆t · Γ the fluctu-

ating term that expresses the stochastic transfer of
thermal energy from the heat bath to the collective
coordinates. T is the temperature and S is the en-
tropy. Both are related to the local level density5 ρ,
which has to be provided by an appropriate model,
see for example [312].

T = (
dln(ρ)

dE
)−1 (3)

and
S = ln(ρ). (4)

In most practical cases, the stochastic variable Γ
that defines the fluctuating force is linked to the dis-
sipation strength by the fluctuation-dissipation theo-
rem [313].
Equations (1) and (2) are valid, if m and β do not

depend on the coordinate q and the direction of mo-
tion. In the general case, m and β are tensors, and
the Langevin equations must be adapted. At low en-
ergies, pairing correlations and shell effects should be
included not only in the potential-energy surface, but
also in the level density [96], in the friction tensor [38]
and in the mass tensor [314]. However, this is rarely
done. For more detailed information on the appli-
cation of the Langevin equations to fission and to
other nuclear reactions we refer to the review article
of Fröbrich and Gontchar in Ref. [315].
Since a nucleus is an isolated system with fixed

total energy and fixed particle number, equations
(1) and (2) must be formulated in the fully micro-
canonical version (specified as option 1 in Table 3).
This entails that temperature T and entropy S are
given by the level density with equations (3) and (4),
respectively, at an energy equal to the total energy of
the system minus the local potential and the actual
collective energy. This way, the potential energy does
not explicitly appear in equation (2), but its influence
enters via temperature T and entropy S.
This is important in applications to low-energy fis-

sion, where approximations that are often applied
(specified as options 2, 3 and 4 in Table 3) only
badly represent the statistical properties of the nu-
cleus. Also the influence of pairing correlations and
shell effects on the binding energy and the level den-
sity should be properly considered, in particular at
low excitation energies. This is not so critical at
higher excitation energies, where for example the use
of Boltzmann statistics may be a suitable approxi-
mation. These aspects have been stressed in several
places, for example by Fröbrich in Ref. [316]. He
also stresses that the driving force is not given by
the derivative of the potential, but by the derivative
of the entropy times the temperature that expresses

5Strictly speaking, the degeneracy of the magnetic sub-
states should be considered.

Table 3: Stochastic approaches to nuclear fission

Name Approximations

Langevin equations,
micro-canonical

Classical dynamics ∗

Langevin equations,
not fully
micro-canonical ∗∗

Classical dynamics ∗ +
simplified driving force
or state density

Smoluchowski
equation

Classical dynamics ∗ +
over-damped motion

Random walk Classical dynamics ∗ +
over-damped motion +
Metropolis sampling

∗) Certain quantum-mechanical features can effectively
be considered in the classical Langevin equations, for ex-
ample shell effects in the potential energy, contribution of
the zero-point motion to fluctuation phenomena, etc.
∗∗) Different kind of approximations, for example cou-
pling to a heat bath of constant temperature, Boltzmann
statistics etc.

the influence of the environment on the selected de-
grees of freedom according to the laws of statistical
mechanics, see equation (2). Due to the complex-
ity of the nuclear level density, this can lead to very
different results.
If very strong friction is assumed, the motion be-

comes over-damped, and the influence of the mass
tends to vanish. This case is represented by the
Smoluchowski equation [315] that requires less com-
putational expense. As argued in Ref. [17], even less
demanding in computing resources is the replacement
of the kinematic equations (1) and (2) by a random-
walk approach using Metropolis sampling [317]. All
these different approaches are presently in use.

4.2.3 Application to fission

In practice, the application of stochastic classical ap-
proaches is performed in two steps, like in the case of
the first two self-consistent microscopic approaches
listed in table 1, where a small number of collec-
tive degrees of freedom is explicitly considered. In
a first step, the potential energy is computed on a
grid in the space determined by the relevant degrees
of freedom, usually by the macroscopic-microscopic
model. In most cases, the relevant degrees of freedom
are the coordinates of a suitable shape parametriza-
tion. Eventually, the potential energy is minimized
individually on each grid point with respect to addi-
tional shape parameters. Also the dissipation tensor
and the mass tensor must be defined, for example on
the basis of one-body and two-body dissipation with
phenomenological adjustments and the hydrodynam-
ical inertia with the Werner-Wheeler approximation
for the velocity field [309], respectively. With these
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ingredients, Monte-Carlo sampling of the fission tra-
jectories with one of the stochastic approaches listed
in Table 3 is performed.

4.2.4 Selected results

To our knowledge, stochastic approaches are being
applied to low-energy fission with the inclusion of
shell effects since 2002. Ichikawa et al. [318] studied
the fission of 270Sg with three-dimensional Langevin
calculations at an excitation energy of 10 MeV above
the ground state. By considering the energy depen-
dence of the shell effect, the calculation was essen-
tially microcanonical. The shell effects were obtained
with the two-center shell model [319]. The mass ten-
sor was calculated using the hydrodynamical model
with the Werner-Wheeler approximation [320] for the
velocity field, and the wall-and-window one-body dis-
sipation [321] was adopted for the dissipation tensor.
The distance of the fragment centers, the quadrupole
deformation, assumed to be common to both frag-
ments, and the mass asymmetry were chosen as shape
parameters. The measured mass distribution was
well reproduced, while the total kinetic energy (TKE)
was overestimated. The authors stressed the strong
influence of the dynamics on the mass distribution.
This model has been applied in Ref. [322] to study
the multi-modal fission of 256,258,264Fm. In Ref. [323],
the influence of the dissipation tensor on the fission
trajectory was demonstrated.

Aritomo et al. [324] succeeded to reproduce fairly
well the measured fission-fragment mass distributions
and the TKE distributions of 234U, 236U, and 240Pu
before prompt-neutron emission at an excitation en-
ergy of 20 MeV with their stochastic approach, sim-
ilar to the one applied before in refs. [318, 322, 323]
and using the same shape parametrization. Figure
10 shows the comparison of the calculated and eval-
uated mass distributions for 234U. Still some differ-
ences can be observed: The general shift to lower
masses in the experiment can be attributed to the ne-
glect of prompt-neutron emission in the calculation.
The larger peak-to valley ratio cannot be explained
by the influence of multi-chance fission, which is also
disregarded in the calculation, because it would act in
the opposite way. They failed to reproduce the tran-
sition to single-humped mass distribution towards
226Th and 222Th and attributed this to an insuffi-
ciently detailed shape parametrization. In particu-
lar, they concluded that the deformation parameters
of the two nascent fragments should be chosen inde-
pendently. In Ref. [34], Aritomo et al. introduced a
new shape parametrization, but sticked to 3 dimen-
sions. They tested the model against the mass-TKE
distribution for the fission of 236U at an excitation
energy of 20 MeV. The influence of pairing correla-
tions that may be assumed to be weak at this energy
is neglected. In Ref. [48], Aritomo et al. considered
the N/Z degree of freedom in their model, which
enabled them to calculate independent yields, that
means fission-fragment yields specified in A and Z.

The comprehensive data base of 5-dimensional
potential-energy landscapes, calculated by Möller et
al. [326] with the macroscopic-microscopic approach,
was used by Randrup et al. as a basis for wide-
spread stochastic calculations of pre-neutron fission-
fragment mass distributions [16, 17, 24, 31]. Z dis-
tributions were deduced with the unchanged-charge-
density (UCD) assumption, which means that the
N/Z of the fragments is equal to that of the fission-
ing nucleus. Due to the relatively large number of
5 shape parameters (overall elongation, constriction,

Figure 10: (Color online) Mass distribution of fis-
sion fragments of 234U at E∗ = 20 MeV. Calculation
[324] and evaluated data [325] are denoted by his-
togram and circles, respectively. In contrast to the
evaluated data, the calculation does not include the
influence of multi-chance fission and prompt-neutron
emission from the fragments. The figure is taken from
Ref. [324].

reflection asymmetry, and deformations of the two
individual pre-fragments), some simplifications and
approximations in the dynamical treatment were ap-
plied in order to keep the computational needs on
an affordable level. A random-walk approach using
the Metropolis sampling was applied, assuming over-
damped motion, and the driving force was taken as
the derivative of the potential. These approximations
prevent obtaining realistic results on the energetics
of the fission process (for example kinetic and excita-
tion energies of the fragments, prompt-neutron mul-
tiplicities, etc.). The measured mass distributions
of a large number of systems, reaching from 180Hg
to 240Pu are fairly well reproduced. These results
are already depicted and were duly acknowledged in
ref. [245]. The importance of a sufficiently detailed
shape parametrization for the calculation of fission-
fragment mass distributions, in particular the free-
dom that the nascent fragments can take individual
deformations, is demonstrated. Recently, a method
to extend this approach to six dimensions by includ-
ing the N/Z (charge polarization) degree of freedom
has been proposed [54]. In the most recent version of
this approach [96], the Metropolis walk is not driven
by the potential energy any more, but by the num-
ber of available levels. This means that the driving
force was calculated microcanonically. By using mi-
croscopic level densities, it was possible to study the
evolution of the fission-fragment mass distribution as
a function of initial excitation energy.

In a recent study [88] on the basis of the Brow-
nian shape-motion model with its recent extensions,
the evolution of fission-fragment charge distributions
with neutron number for the compound-system se-
quence 234U, 236U, 238U, and 240U was studied and
compared with experimental data. The evolution
of the location of the peak charge yield from Z
= 54 in 234U towards Z = 52 in heavier isotopes,
seen in the experimental data was reproduced fairly
well. Moreover, it was shown that it is necessary to
take multi-chance fission into account to describe the
yields already at an excitation energy of 20 MeV. The
contributions of the different chances to the fission-
fragment Z distribution of the system 235U(n,f) at En

= 14 MeV and a comparison of the total distribution
with empirical data is shown in figure 11. The ab-
sence of an odd-even effect in the empirical data can
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be understood by the limited experimental Z resolu-
tion.

Figure 11: (Color online) Calculated fission-fragment
nuclear-charge distributions at 14 MeV incident-
neutron energy, corresponding to 20.55 MeV exci-
tation after neutron absorption. The contributions
from first-, second-, and third-chance fission to the
charge distribution are shown and added up to a to-
tal yield. The fractions of the fission events from the
different chances were taken from Ref. [329]. An ex-
perimental evaluation [325] is also shown. The figure
is taken from Ref. [88].

Ishizuka et al. [86] developed a four-dimensional
Langevin model, which can treat the deformation of
each fragment independently, and applied it to low-
energy fission of 236U. The transport coefficients were
calculated by macroscopic prescriptions. Note that
the deformation parameters of the two complemen-
tary fragments are set equal in most versions of the
stochastic fission approach, except in the Brownian
shape-motion model [16]. The choice of the collec-
tive variables, in particular the independent varia-
tion of the deformation of the two complementary
fragments allowed them to perform a multiparametric
correlation analysis among the three key fission ob-
servables, mass, TKE, and prompt-neutron multiplic-
ity. A strong correlation is found between the mass-
dependent deformation of fragments at the scission
point and the sawtooth structure of prompt neutron
multiplicity including their dependence on excitation
energy. In detail, the mass-dependent shapes of the
complementary nascent fragments at scission develop
in opposite directions as a function of the mass asym-
metry. The underlying feature, the saw-tooth shape
of the mass dependent prompt-neutron multiplicities,
is known from experiment since long (e.g. Ref. [330])
and has been investigated by different theoretical ap-
proaches, for example by the scission-point model of
Wilkins et al. [244] or by the random-neck-rupture
model of Brosa et al. [240]. This demonstrates the
importance of considering the shape parameters of
the two fragments independently.

The mass distributions and the total kinetic energy
of fission fragments for a series of actinides and Fm
isotopes at various excitation energies were studied
within the three-dimensional Langevin approach by
Usang et al. [93]. The experimental results are fairly
well reproduced. In particular, the obtained varia-
tion of the TKE in neutron-induced fission of 231Pa,
235U and 239Pu follows the experimental trend up
to incident-neutron energies of 45 MeV, when micro-
scopic transport coefficients are used, although the
calculation was restricted to first-chance fission. This
agreement seems to be in conflict with the results
from other models (for example the Brownian shape-

motion model [88] or the semi-empirical GEF model
[224]), where a strong influence of multi-chance fis-
sion was observed for fission-fragment distributions
[224, 88] and kinetic energies [224] at excitation en-
ergies above the threshold for second-chance fission.
Very recently, Sierk performed calculations with

the Langevin approach on a five-dimensional
potential-energy surface [92]. The approach is not
fully microcanonical, since the driving force is deter-
mined by the derivative of the potential. Because dis-
sipation is explicitly considered by the surface-plus-
window dissipation model, not only fission-fragment
mass distributions, but also total kinetic energies are
obtained for neutron-induced fission of 233,235U and
239Pu from thermal energy to a few MeV, as well
as for spontaneous fission of 240Pu and 252Cf. Mea-
sured pre-neutron mass distributions are consider-
ably well reproduced, while the kinetic energies of
the fragments close to symmetry are overestimated.
The post-neutron fission-fragment mass distributions
acquire the measured widths by assuming a random
neck rupture and after a few corrections of the model.
Ref. [92] offers a detailed discussion of the model as-
sumptions, approximations and uncertainties, and of
possible reasons for the observed deviations from the
experimental data.

At present, systematic calculations of fission-
fragment mass distributions for a large number of
different fissioning systems have only been performed
with the simplified dynamics of the Metropolis sam-
pling [55]. Systematic calculations of fission-fragment
mass distributions, total kinetic energies, spectra and
mass-dependent multiplicities of prompt neutrons,
and other fission observables for many systems as
a function of initial excitation energy with a fully
micro-canonical Langevin approach appear to be pos-
sible, but they have not yet been reported. Although
this stochastic approach misses the full inclusion of
quantum-mechanical features, such results would be
very interesting, because those calculations are still
out of reach for microscopic, self-consistent models.

4.3 General Fission Model GEF

4.3.1 Basic considerations

Very recently, an approach to fission that exploits
some mostly qualitative general concepts of mathe-
matics and physics6, combined with empirical infor-
mation, has been successfully applied to develop a
model, named GEF (GEneral description of Fission
observables) [331]. This model covers the majority
of the fission quantities and reproduces the measured
observables, especially in the range A ≥ 230, where
most of the experimental data were obtained, with a
remarkable accuracy that makes it suitable for tech-
nical applications. To illustrate this with a few exam-
ples, we mention that fission yields from GEF are be-
ing used to fill in unmeasured fission-yield data in the
JEFF-3.3 evaluation [332]. Moreover, the GEF model
was able to reveal that the ENDF evaluation for the
mass yields of the system 237Np(nth,f) was based on
erroneous data, because the target was contaminated

6The term ’general’ is used here to denote a concept or law
of general validity in contrast to ab-initio modeling, see for ex-
ample Ref. [327]. Models that are based on general concepts
often need empirical information for performing quantitative
calculations, while ab-initio modeling strives for quantitative
results without relying on empirical or fitted parameters. As a
critical remark about a sharp separation between these mod-
els, we would like to cite Niels Bohr, who stated that ’it ap-
peared difficult to define what one should understand by first
principles in a world of knowledge where the starting point is
empirical evidence’ [328].
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with a contribution of another fissile nucleus, prob-
ably 239Pu [224]. The accuracy of GEF calculations
can be inferred from the systematic comparison of
fission data of different kind with GEF calculations
shown in Ref. [224] and some recent publications,
where they are compared to measured independent
[189, 191] and cumulative [333] fission yields, and
prompt-gamma spectra [211]. The GEF model was
also applied to study fragment-mass and excitation-
energy-dependent prompt-neutron yields [334], and
for establishing uncertainty propagation of fission
product yields and decay heat [335]. It was also
used to estimate corrected fission-fragment yields,
strongly diverging from the ENDF evaluation, in the
interest to calculate realistic anti-neutrino spectra for
235U(n,f) [336]. Large deviations for fission-fragment
yields between experimental data and GEF calcula-
tions have been reported in Refs. [337, 194]. In the
first case, the authors admitted an error in the input
options of their GEF calculation [338]; in the second
case, the discrepancies may need clarification, if pos-
sible with an independent experimental approach.

In the domain of fundamental physics, GEF was
used to interpret measured mass distributions after
heavy-ion induced reactions 12C+235U, 34S+208Pb,
36S+206Pb, and 36S+208Pb in terms of multi-chance
fusion-fission and quasi-fission [339].

GEF also proved to be a useful tool for the detailed
planning of experimental methods [115, 340].

The calculation of many fission quantities that can
be obtained from GEF still pose severe problems to
stochastic and microscopic models. A detailed doc-
umentation of the GEF model code, its underlying
ideas and a presentation of a large variety of results
can be found in refs. [341, 342, 224]. GEF makes
use of several long-standing mostly qualitative ideas
that were already able to explain many systematic
trends and regularities in several fission observables
and combines them with some innovative concep-
tions. It owes its accuracy and a considerable predic-
tive power7 to the development of additional powerful
ideas and the consideration of important experimen-
tal findings that were not fully understood before or
obtained only recently. In the following, we will de-
scribe the most important ideas and their successful
application in the GEF model.

4.3.2 Topographic theorem: Accurate fission

barriers

The modeling of the nuclear-fission process in
stochastic and self-consistent models starts with the
calculation of the potential energy of the fissioning
system in the space defined by the ”relevant” collec-
tive degrees of freedom. Besides the ground state
of the nucleus, the saddle point that defines the
fission threshold (the lowest energy where the sys-
tem can proceed to fission without tunneling) is a
prominent point in the potential-energy landscape.
However, in contrast to the nuclear binding energy
in the ground state, the binding energy at the fis-

7The predictive power of GEF is understood in the following
sense, which is common to most, if not all, theories in nuclear
physics: Once, the set of model parameters is determined by a
fit to a comprehensive set of measured observables for a large
variety of systems, the GEF model with this set of parameters
is able to predict the fission quantities of other systems with
an accuracy comparable with the uncertainties of the exper-
imental data used for the parameter fit, if these systems are
not too far from the nuclei that were used for determining the
model parameters. This is corroborated by the good agree-
ment, which was found in numerous cases, between new data
and GEF predictions that were made before the data became
available, see section 4.4.

sion saddle is not directly measurable. Empirical
information on the fission threshold has been de-
rived from measured energy-dependent fission cross
sections and/or fission probabilities assuming pene-
trability through a multi-humped barrier, approxi-
mated by one-dimensional inverted parabolas. One
of the most comprehensive studies of this type was
made in [98]. The resulting values of the barrier pa-
rameters depend on the details of the model analy-
sis, for example on the level-density description and,
in particular, on the properties of the first excited
states above the barriers. Therefore, the empirical
fission-barrier heights are considered to be subject to
an appreciable uncertainty, usually presumed to be
in the order of 1 MeV, see for example Ref. [42]. Al-
though the barrier height deduced from this method
can not be identified with the saddle-point energy of
multi-dimensional potential-energy surfaces from mi-
croscopic or macroscopic-microscopic theories, a link
can be established by matching the energy-dependent
fission probabilities in the different scenarios. Fis-
sion barriers derived with the one-dimensional pene-
trability approach have a considerable practical im-
portance, because they are very much used to esti-
mate the energy-dependent fission probabilities and
neutron-induced-fission cross sections. To our knowl-
edge, the penetrability through a multi-dimensional
barrier has not yet been calculated.
In this section, we will derive a well-founded es-

timation of the uncertainty of fission barriers in the
one-dimensional penetrability approach and propose
a procedure for predicting accurate fission-barrier val-
ues. This is an important information, because it al-
lows to better assess the quality of a theoretical model
by its ability to reproduce the empirical values of the
fission barrier. As we will see, one may conclude on
the ability of the model for realistic estimations of the
full potential-energy surface of the fissioning system
from this result.
Myers and Swiatecki introduced the idea that the

nuclear binding energy (or mass) at the fission thresh-
old is essentially a macroscopic quantity [343]. That
means that the mass at the highest one of the con-
secutive barriers between the ground-state shape and
the scission configuration can be estimated to a good
approximation by the saddle mass of a macroscopic
model. They deduced this “topographic theorem”
from considerations on the topological properties of
a surface in multidimensional space with the specific
properties of the potential-energy surface around the
fission threshold. The basic idea is illustrated in
figure 12, where pairing effects are neglected. The
height of the fission barrier Bf is given to a good
approximation by the difference of the macroscopic
barrier Bmac

f and the shell-correction energy in the
ground state δUgs. In practice, the ground-state shell
correction δUgs is determined as the difference of the
ground-state energy Egs−nopair that is averaged over
odd-even staggering in N and Z and the macroscopic
binding energy: δUgs = Egs−nopair − Emac

gs . If the
ground-state mass is experimentally known, the fis-
sion barrier can be estimated on the basis of a macro-
scopic model that provides the macroscopic ground-
state mass and the fission barrier:

Bf ≈ Bmac
f − Eexp

gs−nopair + Emac
gs . (5)

The condition for this topological property of a
surface in multi-dimensional space is that the wave-
length of the fluctuations induced by the shell effects
is smaller than the wavelength of the variations in-
duced by the macroscopic potential. This behavior
can be understood, because a local modification of
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Figure 12: (Color online) Schematic drawing of the
potential energy on the fission path relative to the
macroscopic ground-state energy Emac

gs for a nucleus
that is deformed in its ground state. Spherical shape
corresponds to zero elongation. Blue dashed line:
macroscopic potential. Red full line: full potential
including the shell effects. The figure is taken from
Ref. [344] with kind permission of The European
Physical Journal (EPJ).

the potential by a bump or a dip, for example by
shell effects, does not have a big effect on the height
of the saddle: The fissioning nucleus will go around
the bump, and it cannot profit from the depth of the
dip, because the potential at its border has changed
only little. This phenomenon is related to the obser-
vation that the potential at the fission saddle in cal-
culations with a shape parametrization tends to take
lower values by allowing for more complex shapes.
The inclusion of additional degrees of freedom gives
access to a path that is energetically more favorable
and avoids the bump mentioned above.

A detailed investigation of the applicability of the
topographic theorem was performed in Ref. [345].
The validity of the topographic theorem has been
demonstrated before in a more qualitative way, for
example in Ref. [346], and possible explanations for
the observed deviations in the range of a few MeV are
discussed. The topographic theorem has also been
used before as a test of the ability of different theo-
retical models to describe the long-range behavior of
the fission threshold along isotopic chains [347, 348].

According to a previous analysis in [348], the av-
erage trend of the saddle mass along isotopic chains
is very well reproduced by the Thomas-Fermi model
of Myers and Swiatecki [343, 349]. (As will be shown
below, this is not the case in the Z dependence of
the saddle mass.) Therefore, the comprehensive set
of empirical fission thresholds, that means the max-
ima of the first and the second barrier heights, from
Ref. [98] that are extracted from experimental fission
probabilities and cross sections are compared in fig-
ure 13 with the quantity

Btopo
f = BTF

f − Eexp
gs−nopair + ETF

gs (6)

where BTF
f denotes the macroscopic fission bar-

rier of Ref. [349], represented by Bmac
f in figure 12,

and ETF
gs is the macroscopic ground-state energy from

the Thomas-Fermi model of Ref. [343]. Both quan-
tities do not contain neither shell nor pairing effects.
Note that there is no fit parameter in equation (6)!
Eexp

gs−nopair was taken from the 2012 Atomic Mass
Evaluation [350, 351], averaged over odd-even stag-
gering in Z and N . The quantity Eexp

gs−nopair − ETF
gs

defines the empirical ground-state shell correction,
represented by δUgs in figure 12.

In accordance with Ref. [348], figure 13 shows that
the overall isotopic trend of the empirical barriers
is very well reproduced by Btopo

f . However, there
are some systematic deviations in the absolute values
for the different isotopic chains: Firstly, the barriers
of thorium, protactinium and uranium isotopes are
overestimated, while the barriers of the heaviest ele-
ments plutonium, americium and curium are under-
estimated. The deviation shows a continuous smooth
trend as a function of Z with a kink at Z = 90. Sec-
ondly, a systematic odd-even staggering that is evi-
dent in the empirical barriers from protactinium to
curium is not reproduced by the Btopo

f values esti-
mated with equation (6).
In Ref. [344], an even better reproduction of the

empirical barriers was obtained by applying a simple
Z-dependent correction ∆Bf to the values obtained
by equation (6) and by increasing the pairing-gap
parameter ∆ at the barrier in proton and neutron
number to 14/

√
A MeV, which is appreciably larger

than the average value of about 11/
√
A MeV found

in the nuclear ground state [352]. This was techni-
cally done by increasing the binding energy at saddle
for nuclei with even N by 3/

√
A MeV and for even Z

by the same amount. The correction term ∆Bf was
parametrized in a way to account for the observed
Z-dependent deviations as shown in figure 14.
The modified barriers are also shown in figure 13.

Possible explanations for the origin of this correction
are given in Ref. [224]. Note that the correction ∆Bf

depends only on Z. Thus, it shifts the sequence of
barriers of one element only by the same amount and
does not change the structures in these curves. In-
dications for an increased pairing gap at the barrier
were already discussed by Bjørnholm and Lynn [98]
to explain the enhanced odd-even staggering at the
saddle. They interpreted this finding as a possible
evidence for surface pairing.
In addition, figure 13 shows the predictions from

Z = 90 to Z = 96 of an elaborate theoretical
model [353] with the macroscopic-microscopic ap-
proach based on a meticulous mapping of the po-
tential in five-dimensional deformation space [326].
Although, as already mentioned, the fission barriers
from this multi-dimensional model [353] cannot di-
rectly be identified with the one-dimensional fission
barriers determined in Ref. [98], the comparison is
not without interest. The model values [353] devi-
ate appreciably from the empirical one-dimensional
values [98] with an rms deviation of 1.42 MeV (see
Table 4). In particular, the isotopic trend is not
well reproduced. Moreover, the model does not
show the observed odd-even staggering of the bar-
rier height. Other models, macroscopic-microscopic
or microscopic ones, show similar deviations. In
this context, it is interesting that nuclear ground-
state masses can be obtained with an uncertainty
of about 500 keV by the most reliable macroscopic-
microscopic or microscopic models [354]. With this
uncertainty and an additional uncertainty of the po-
tential energy at the saddle in mind, uncertainties
of the fission-barrier height from the macroscopic-
microscopic approach in the order of 1 MeV are not
unexpected. Thus, it seems to be doubtful, whether
the deviations between the empirical barriers [98]
and those of Ref. [353] are related to the multi-
dimensional character of the calculation. They may
rather be an indication for the accuracy that the
macroscopic-microscopic approach can obtain on the
multi-dimensional potential-energy surface, see also
the related discussion in Ref. [92].
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Figure 13: (Color online) The empirical fission threshold of Ref. [98] (full black circles) is compared to
the value (open red circles) estimated from the topographic theorem according to equation (6) for isotopic
sequences of different elements. In addition, a modified estimation (full red circles) with a Z-dependent shift
and an assumed increased pairing parameter ∆f = 14/

√
A MeV at the barrier (see text and Ref. [344]) as

well as the theoretical prediction of the microscopic-macroscopic approach of Ref. [353] (blue asterisks) are
shown. Empirical values without error bars are given without an uncertainty range in Ref. [98]. The figure
is taken from Ref. [344] with kind permission of The European Physical Journal (EPJ).
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Figure 14: Empirical correction applied to the fission-
barrier height obtained with the topographic theorem
as a function of the atomic number of the fissioning
nucleus. The figure is taken from Ref. [341].

The most interesting feature, however, is that the
saddle-point masses (the nuclear binding energies at
the saddle) extracted by Bjørnholm and Lynn [98],
which are derived from energy-dependent fission cross
sections and fission probabilities, show no structural
effects beyond a regular odd-even staggering. This
is very remarkable, because the underlying measured
energy-dependent fission probabilities include natu-
rally the influence of all structure effects (for exam-
ple shell effects and pairing) on the flux over the bar-
rier. The saddle masses estimated by the topographic
theorem show this characteristics, because they are
macroscopic quantities by construction.
From our study, we may draw the following con-

clusions:
Considering that (i) the procedure used by

Bjørnholm and Lynn for extracting the empirical fis-
sion barriers from the measured energy-dependent fis-
sion cross sections and probabilities, and (ii) the ap-
plication of the topographic theorem for obtaining es-
timated values of the fission barriers are completely
independent, the good agreement of these sets of val-
ues is a strong indication that, firstly, the empirical
barriers deduced by Bjørnholm and Lynn represent
the true fission thresholds in a one-dimensional pic-
ture with a remarkable accuracy and that, secondly,
the topographic theorem is a rather good approxi-
mation. From the rms deviation between these two
sets of barriers, given in Table 4, it may be concluded
that the uncertainties of the empirical barriers, deter-
mined by Bjørnholm and Lynn, are not larger than
500 keV, which is appreciably smaller than the pre-
sumed value of 1 MeV mentioned above.

Table 4: Rms deviation between the empirical barri-
ers and the values from different approaches.

topographic adjusted Möller RIPL 3
0.52 0.24 1.42 0.36

Note: The table lists the rms deviations in MeV of the
different sets of fission barriers shown in figure 13 and the
values of RIPL 3 from the empirical values. References:
empirical [98], topographic (this work, equation (6)), ad-
justed (this work and Ref. [344]), Möller et al. [353], RIPL
3 [102]. Note that refs. [102] and [353] do not cover all
nuclei, for which empirical values are available. The typi-
cal uncertainty of the empirical values, given in Ref. [98],
is 0.2 to 0.3 MeV.

The fact that the deviations can even substan-
tially be reduced by a simple Z-dependent shift indi-
cates that these deviations are caused by systematic
shortcomings in the Z dependence of the macroscopic
model used for the estimations or by a slight viola-
tion of the topographic theorem, see Ref. [224] for

a detailed discussion. By applying the deduced Z-
dependent shift and an increased odd-even staggering
at the saddle, the empirical barriers are reproduced
within their uncertainties of 200 to 300 keV, as given
in Ref. [98]. Regarding the absence of any systematic
deviations of the fission barriers estimated with the
topographic theorem from the barriers determined
by Bjørnholm and Lynn [98] along isotopic chains,
it seems that it is well justified to assume that reli-
able predictions of fission thresholds in an extended
region of the chart of the nuclides can be made with
this description. The agreement of this parametriza-
tion with the empirical values proposed in RIPL 3 is
less good (see Figs. 7 and 8 in Ref. [224]), in particular
in the structures along isotopic chains, which are not
affected by the applied Z-dependent shift. This gives
more confidence to the empirical values of Bjørnholm
and Lynn [98].
In a more fundamental sense, any noticeable struc-

tural effects on the fission-barrier height can be
attributed to the microscopic contributions to the
ground-state mass and to a systematically stronger
odd-even staggering at the barrier, only. Any fluctu-
ations of the saddle masses beyond the even-odd stag-
gering stay within the given uncertainties of the em-
pirical fission thresholds [98] that amount to typically
200 keV. An influence of shell-correction energies on
the saddle mass cannot strictly be excluded, but if
there is any, it must show a gradual and smooth vari-
ation with Z and A that behaves like a macroscopic
quantity. At present, theoretical estimates of the fis-
sion barriers do not yet attain this accuracy. They
show deviations in the order of 1 MeV. The best re-
production of empirical fission barriers has been re-
ported in Ref. [355], where an rms deviation of 0.5
MeV has been obtained within the framework of the
macroscopic-microscopic approach. This is also the
accuracy to be expected for theoretical calculations
of the whole potential-energy landscape of the fission-
ing system.

4.3.3 Fission probabilities

The value of the highest barrier, deduced in the
preceding section, is not sufficient to calculate the
energy-dependent fission probability, which is re-
quired to estimate the probabilities of the different
fission chances at higher excitation energies. In the
scenario of a one-dimensional double-humped barrier
with parabolic shapes around the saddles and around
the second well, among others the heights of both
saddles and the curvature parameters are required.
In Ref. [224], it was found from a fit to the empirical
barriers of Ref. [98] that the quantity BA−BB in the
actinides varies smoothly as a function of Z3/A like

(BA −BB)/MeV = 5.401− 0.00666175 · Z3/A

+1.52531 · 10−6 · (Z3/A)2. (7)

Together with the estimation of the highest barrier
described above and the systematics of other fission-
barrier parameters, for example from Ref. [98], a
rather accurate and complete set of fission-barrier pa-
rameters can be established for a region of nuclei, ex-
tending appreciably beyond the region covered by ex-
perimental information. These parameters are used
in GEF to provide estimated fission probabilities in
the framework of the transmission through, respec-
tively the passage over, a one-dimensional, double-
humped fission barrier. Additional ingredients are
the nuclear level density, the gamma strength func-
tion and neutron transmission coefficients; for details
we refer to [224].
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Using the formalism of Ref. [98] assures a good re-
production of the measured fission probabilities and is
expected to give rather accurate estimates for neigh-
boring fissioning nuclei, too. Further experimental
information for specific fissioning systems is not re-
quired. However, this formalism does not provide
any information on resonance structures that appear
at energies below and slightly above the fission bar-
rier, because the appropriate parameters can only be
deduced from dedicated experimental data, see sec-
tion 4.4. Fortunately, these resonances have little in-
fluence on the characteristics of multi-chance fission
due to the higher excitation energies that are mostly
involved.

4.3.4 Multi-chance fission

When fission after particle emission is possible, the
measured fission observables originate from the fis-
sion of several nuclides with different excitation en-
ergies. In this case, the interpretation of the data
and the modeling of the fission observables requires a
good estimation of the characteristics of multi-chance
fission. In GEF, the application of the topographic
theorem and the scenario of the transmission, respec-
tively passage, of a one-dimensional, double-humped
barrier is used for this purpose. Thus, quantitative
estimations of the contributions from different fission-
ing systems and the corresponding excitation-energy
distributions at fission are provided. Figures 15 and
16 show the results for the system 235U(n,f).

Figure 15: (Color online) Relative contributions of
the different fission chances in the system 235U(n,f)
as a function of the incident-neutron energy. Full
line: first-chance fission, dashed line: second-chance
fission, dot-dashed line: third-chance fission. The fig-
ure is modified from Ref. [224].

4.3.5 Hidden regularities of fission channels

Although the good description of the fission barriers
by the topographic theorem that is demonstrated in
section 4.3.2 means that the saddle mass is essentially
a macroscopic quantity, many other fission quantities
show very strong signatures of nuclear structure, for
example, the evolution of the shape and the poten-
tial on the fission path, in particular the existence
of fission isomers, triaxiality at the first barrier and
mass asymmetry at the second barrier due to shape-
dependent shell effects in the actinides. Also the
fission-fragment yields are characterized by several
components in the mass distributions from different
fission channels that are attributed to shell effects in
the potential energy and by an odd-even staggering
in proton and neutron number due to the influence of
pairing correlations. The potential-energy surface of
the 238U nucleus, calculated with the two-center shell

Figure 16: (Color online) Distribution of excitation
energies E∗ at fission for the system 235U(n,f) at En

= 14 MeV. E∗ is the excitation energy of the com-
pound nucleus above its ground state, before it passes
the fission barrier towards scission. The right-most
peak shows events from first-chance fission (fission of
236U), the middle curve corresponds to second-chance
fission (fission of 235U), and the left curve corresponds
to third-chance fission (fission of 234U). The broad
distribution around 16 MeV corresponds to gamma
emission before fission. The figure is modified from
Ref. [224].

model in Ref. [345], demonstrates the structures cre-
ated by the shell effects, see figure 17.
The mass-asymmetric deformation belongs to the

relevant degrees of freedom of most dynamical fission
models, and the manifestation of shell effects in the
fission-fragment mass distributions plays a prominent
role in benchmarking these models. Macroscopic-
microscopic models and, to some extent, also micro-
scopic self-consistent models were rather successful in
reproducing the appearance of mass-asymmetric fis-
sion in the actinides [295, 16], the features of multi-
modal fission around 258Fm [356], the gradual transi-
tion from single-humped to double-humped distribu-
tions around 226Th [31] and, most recently, the ap-
pearance of complex mass distributions in a region
around Z ≈ 80 to Z ≈ 86 from beta stability to
the proton drip line [153]. However, the deviations
from the measured data remain important, see the
examples in figures 5 to 10. A much higher accu-
racy has been obtained with the semi-empirical de-
scription used in the GEF code [224] by exploiting
regularities in the characteristics of the fission chan-
nels that are not obvious from microscopic models,
because these models treat each fissioning nucleus in-
dependently. In the following, we will describe the
theoretical considerations that are behind this semi-
empirical approach. They are not only important for
high-accuracy estimates of fission-fragment yields, ki-
netic energies, spectra and multiplicities of prompt
neutrons and gammas, and other fission quantities,
but also for a better understanding of the fission pro-
cess by revealing an astonishingly high degree of reg-
ularity in the properties of fission channels.
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Figure 17: (Color online) Macroscopic (a) and macro-microscopic (b) potential energy surface for the 238U
nucleus as a function of elongation and mass asymmetry. The macroscopic part is normalized to zero for the
spherical shape of the compound nucleus. See Ref. [345] for details. The figure is taken from Ref. [345].

24



Early manifestation of fragment shells: When
the two-center shell model [319] became available, it
was possible to study the single-particle structure in
a di-nuclear potential with a necked-in shape. In-
vestigations of Mosel and Schmitt [238, 357] revealed
that the single-particle structure in the vicinity of the
outer fission barrier indicates the existence of nearly
independent single-particle states localized in the two
fragments. This leads to a coherent superposition
of the shell-correction energies from the two frag-
ments. The authors explained this result by the gen-
eral quantum-mechanical feature that wave functions
in a slightly necked-in potential are already essen-
tially localized in the two parts of the system. Also
recent self-consistent calculations show this feature
(e.g. Ref. [46, 61]), which is a direct consequence
of the necking, independent from a specific shape
parametrization. Therefore, one may expect that
the complex structure of the fission modes can es-
sentially be explained by the influence of the shells in
the proton and neutron subsystems of the fragments.
Potential-energy surfaces of fissioning systems calcu-
lated with the macroscopic-microscopic approach, for
example Ref. [353], support this assumption. The
fact that in the actinides, for which a double-humped
fission-fragment mass distribution is observed, theo-
retical models predict a mass-asymmetric shape at
the outer saddle, suggests also that fragment shells
are already established to a great extent at the outer
saddle.

As a consequence, the shell effects on the fission
path from the vicinity of the second barrier to scission
can be approximately considered as the sum of the
shell effects in the proton- and neutron-subsystems
of the light and the heavy fission fragment. Thus,
these shells do not primarily depend on the fissioning
system but on the number of neutrons and protons in
the two fission fragments. However, these shells may
be substantially different from the shell effects of the
fragments in their ground state, because the nascent
fragments in the fissioning di-nuclear system might
be strongly deformed due to their mutual interaction
[244].

Therefore, the potential energy can be understood
as the sum of a macroscopic contribution, depending
on the fissioning nucleus, that changes gradually on
the fission path and from one system to another one,
and a microscopic contribution that depends essen-
tially only on the number of protons and neutrons
in the nascent fragments. Thus, in nuclear fission,
the macroscopic-microscopic approach turns out to
be particularly powerful. The distinction of the two
contributions to the potential is accompanied with
an assignment of these contributions to different sys-
tems: The macroscopic potential is a property of the
total system, while the shell effects are attributed to
the two nascent fragments [358]. Figure 18 illustrates,
how the interplay of these two contributions can ex-
plain why symmetric fission is energetically favored
for fissioning nuclei below thorium, while asymmet-
ric fission is favored for nuclei above thorium.

The shell effects used for the three nuclei on figure
18 are the same. The changes in the total potential
are caused by the shift to higher Z values of the min-
imum of the macroscopic potential, which is located
at symmetry.

In the following sub-section, additional consider-
ations on the dynamic evolution of the system are
performed in order to estimate, how the levels of the
nascent fragments are populated.

Figure 18: (Color online) Schematic illustration of
the potential energy for mass-asymmetric shape dis-
tortions on the fission path, after a qualitative idea of
Itkis et al. [360]. The black curve shows the macro-
scopic potential that is minimum at symmetry, while
the red curve includes the extra binding due to an as-
sumed additional potential well appearing at Z=55
in the heavy fragment. The assumed well position
at Z=55 reflects the measured position of the asym-
metric fission-fragment component (see figure 20). It
is unclear, whether this is an indication for a pro-
ton shell around Z=55, see section 5.4. The figure is
taken from Ref. [224].

Quantum oscillators of normal modes: The
early manifestation of fragment shells provides the ex-
planation for the appearance of fission valleys in theo-
retical calculations of the potential-energy landscape
of fissioning nuclei, in particular in the actinides. As
demonstrated in figure 17, these are valleys in di-
rection of elongation, starting in the vicinity of the
second barrier until scission, with an almost constant
position in mass asymmetry. For the dynamic evo-
lution of the fissioning system, this means that each
valley can be considered as a quantum oscillator in
the mass-asymmetry degree of freedom. The initial
flux in each valley, corresponding to a specific fission
channel, is decided at the outer barrier. Depending
on the height of the ridge between neighboring fis-
sion valleys, there might be some exchange of flux
further down on the way to scission. The positions
of the asymmetric minima that are created by shell
effects and the shape of the corresponding oscillator
potentials stay approximately constant until scission,
but the excitation energy of each quantum oscilla-
tor tends to increase on the way towards scission by
the feeding from the potential-energy gain along the
fission path. It is assumed that the statistical ensem-
ble of a large number of fission events8 establishes
an excitation-energy distribution that can formally
be replaced by the distribution of a quantum oscil-
lator in instantaneous equilibrium with a heat bath
of temperature T , whereby the temperature increases
on the way to scission. With these ideas in mind, one
can formulate the evolution of the mass-asymmetry
degree of freedom of the fissioning system on the way
to scission. Deviations from instantaneous equilib-
rium by a dynamical freeze-out will be discussed in
the next section.
Stochastic calculations show that the excited nu-

cleus stays in the ground-state minimum and later

8As introduced by Gibbs [359], a statistical ensemble is an
idealization consisting of a large number of virtual copies of
a system, considered all at once, each of which represents a
possible state that the real system might be in.
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in the second minimum for quite a time, see figure
4 in [34]. One expects that this is still true if tun-
neling is considered, because the transmission prob-
ability decreases by about 5 orders of magnitude per
1 MeV barrier height [361]. Therefore, an excited
nucleus has enough time to re-arrange its available
energy before passing the fission barrier. The prob-
ability for the passage of the fission barrier increases
considerably, if the nucleus concentrates enough of its
energy on the relevant shape degrees of freedom for
avoiding tunneling as much as the available energy
allows. If the available energy exceeds the barrier,
this excess can be randomly distributed between the
different states above the barrier without any further
restriction, such that the barrier is passed with maxi-
mum possible entropy on the average [362], replacing
again event averaging by instantaneous equilibrium.
For this reason, the fissioning system has no mem-
ory on the configurations before the barrier, except
the quantities that are preserved due to general con-
servation laws: total energy, angular momentum and
parity.9 Thus, the starting point for calculating the
properties of the fission fragments is the configuration
above the outer fission barrier.
Considering again the statistical ensemble of fis-

sioning systems, the evolution of the entropy plays a
decisive role in the fission process. The concentra-
tion of a large amount of energy into the elongation
degree of freedom at the barrier leads to a decrease
of the thermal energy and induces a reduction of the
entropy10. After passing the barrier, the entropy may
increase again due to dissipation. If dissipation is low,
this increase may be small, and the passage from the
barrier to scission may be adiabatic, leaving the en-
tropy essentially unchanged. However, we think that
the arguments for a reduction of the entropy on the
way from the first minimum to the barrier, formu-
lated above, are very strong. Therefore, we think that
the approximation of treating fission as an isentropic
process [364, 365] is not a generally valid assumption.
Beyond the outer barrier, the distribution of the

mass-asymmetry coordinate is given by the occupa-
tion probability of the states of the quantum oscil-
lators in the respective fission valleys. The situation
is schematically illustrated in figure 19 for the mass-
asymmetry coordinate in two fission valleys that are
well separated, assuming that the potential pockets
have parabolic shape. The fission-fragment mass dis-
tribution is given by the evolution of the respective
collective variable, until the system reaches the scis-
sion configuration. It is defined by the number and
the energy distribution of occupied states in the dif-
ferent valleys.
In the case of weak coupling and in thermal equi-

librium with a heat bath of temperature T , the ratio
of the yields Yi of the two fission channels correspond-
ing to the population of the two harmonic quantum
oscillators depicted in figure 19 is given by

Y2/Y1 = e−∆E/T ·
h̄ω1

h̄ω2
≈ e−∆E/T . (8)

∆E = E2 − E1 is the potential-energy difference be-

9This assumption is supported by microscopic calculations
reported in Ref. [76], which showed that the dynamic evolu-
tion of the fissioning system beyond the fission barrier depends
only little on the initial configuration inside the first minimum
chosen in the calculation.

10We would like to stress that this reduction of entropy is
not in contradiction to the Second Law of Thermodynamics,
because the laws of thermodynamics have a statistical nature.
Thermodynamical quantities such as the entropy are subject to
fluctuations that become sizable in mesoscopic or microscopic
systems like nuclei. A proper way to treat such systems is the
explicit application of statistical mechanics [363].

Figure 19: (Color online) Schematic drawing of the
potential energy as a function of a collective coor-
dinate that is orthogonal to the fission direction at
a fixed elongation. In the present context, the two
harmonic oscillator potentials with different depths
and h̄ω values represent the potential in two fission
valleys for mass-asymmetric distortions that are re-
lated to different fission channels. The energies of the
stationary states are indicated by the red horizontal
lines. The overlapping of the two potential-energy
curves illustrates the possibility that the fission val-
leys are divided by a higher ridge that becomes per-
ceptible when a continuous transition from one val-
ley to the other is established in a deformation space
with a sufficiently high dimension, see for example
Ref. [366]. The figure is taken from Ref. [224] with
kind permission of The European Physical Journal
(EPJ).

tween the lowest states in the two quantum oscilla-
tors, and h̄ωi is the level spacing in the respective
oscillator potential.11 (Because the h̄ω values of the
oscillators in the different fission values are normally
rather similar, the factor h̄ω1/h̄ω2 in equation (8) is
set to one as an approximation.) The distribution
of the collective coordinate of the quantum oscillator
for asymmetric distortions in one fission channel is a
Gaussian function with a variance σ2 that is given by
the well known equation [367]

σ2 =
h̄ω

2C
coth(

h̄ω

2T
). (9)

C is the second derivative of the potential near its
minimum in the direction of mass asymmetry.
If the exchange of flux between different fission

channels beyond the second barrier is negligible, the
temperature parameter in equation (8) is the value
at the second barrier. As argued above, it is assumed
to be given by the nuclear temperature at the sec-
ond barrier as derived from the nuclear level density.
However, the width of mass asymmetric distortions,
described by the temperature parameter in equation
(9), evolves on the way to scission. The width of
the fission-fragment mass distribution is given by the

11Equation (8) may be derived as follows: It is assumed
that T > h̄ωi and that the coupling between the oscilla-
tors and between each of the oscillators and the heat bath
is strong enough to allow for thermal equilibration, but it is
so weak that the states of the oscillators are essentially undis-
turbed. In this situation, the population probability of a state
ni in oscillator 1 and the population probability of a state
nj in oscillator 2 are given by P1,ni = exp[(−ni · h̄ω1)/T ]
and P2,nj = exp[(−∆E − nj · h̄ω2)/T ], respectively. The to-
tal population probabilities Y1 and Y2 in the two oscillators
are obtained by summing up the individual population prob-
abilities over ni and nj , respectively: Y1 =

∑∞

ni=0
P1,ni and

Y2 =
∑∞

nj=0
P2,nj . By replacing the discrete states by a con-

tinuous state density, the sums become integrals. This leads
to the solution in equation (8).
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temperature at the dynamical freeze-out that is de-
scribed in the following.

Dynamical freeze-out: It is well known [368] that
the statistical model, applied to the scission-point
configuration, is unable of explaining the variances
of the mass and energy distributions and their de-
pendence on the compound-nucleus fissility. Also
stochastic [324, 34] and self-consistent models [295]
show the importance of dynamic effects on the width
of the fission-fragment mass distributions, especially
in low-energy fission. Studies of Adeev and Pashke-
vich [369] suggest that dynamical effects due to
the influence of inertia and dissipation on mass-
asymmetric distortions can be approximated by con-
sidering the properties of the system at an earlier
time. Nifenecker [370] and Asghar [371] explained
the fluctuations in the charge polarization at scission
by a freeze-out12 of the giant-dipole resonance be-
fore neck rupture. For all processes, which are con-
nected with a transport of nucleons from one nascent
fragment to the other one (e.g. evolution of mass
asymmetry [372] or charge polarization [370, 371]),
the effective mass increases dramatically during the
necking-in of the fissioning system. This makes it
more difficult for the system to adjust to the evolu-
tion of the potential-energy surface when approach-
ing scission. That means that the statistical model
may give reasonable results for the distribution of any
observable related to a certain normal mode, if it is
applied to a configuration that depends on the typi-
cal time constant of the collective coordinate consid-
ered. The relaxation time is specific to the collective
degree of freedom considered. It is relatively long
for the mass-asymmetric distortions [373] and rather
short for the charge-polarization degree of freedom
[370, 371, 374, 375], due to the difference in the asso-
ciated inertia. Thus, the shape of the potential and
the value of the corresponding collective temperature
that are decisive for the distribution of the respec-
tive observable are those that the system takes at the
respective relaxation time before scission.

From these considerations, it may be concluded
that the observed fission-fragment mass distribution
of a specific fission channel can approximately be un-
derstood as the equilibrium distribution of the quan-
tum oscillator in the mass-asymmetry degree of free-
dom in the corresponding fission valley at the time
of freeze-out on the fission path with the local sec-
ond derivative of the mass-asymmetric potential and
temperature.

Empirical extraction of universal fragment

shells: In the macroscopic-microscopic approach,
the potential energies at the bottom of the different
fission valleys that determine the relative yields of the
fission valleys according to equation (8) are the sum
of 5 terms: the macroscopic potential and the shell
energies of the proton and neutron subsystems of the
two nascent fragments. The stiffness of the macro-
scopic potential against mass-asymmetric distortions
evolves gradually as a function of the fissility [310].
An empirical function has been deduced with a sta-
tistical approach [376] from the widths of measured
mass distributions of the symmetric fission channel
at higher excitation energies, where shell effects are
essentially washed out. For describing the yields and

12The term ”freeze-out” in connection with fission-fragment
yields was used by Asghar [371] for denoting the inability of the
wave function of the fissioning system to adjust adiabatically
when approaching scission.

Figure 20: (Color online) Mean positions of the stan-
dard fission channels in atomic number (upper part)
and neutron number (lower part) deduced from mea-
sured fission-fragment mass and element distribu-
tions. Values were converted from measured atomic
numbers or mass numbers using the unchanged-
charge-density assumption and neglecting neutron
evaporation. The shape of the symbol denotes the
element as given in the legend of the figure. Data
from Ref. [254] are marked by solid symbols. The
values of standard 1 (standard 2) for the isotopes of a
given element are connected by dashed (full) lines and
marked by red (blue) symbols. The figure is taken
from Ref. [269].

the variances of the contribution of each fission chan-
nel to the fission-fragment mass distributions with
equations (8) and (9), the following 3 parameters are
required in addition to the curvature of the macro-
scopic potential: the position, the magnitude and the
second derivative of each shell in each of the four sub-
systems (protons and neutrons in the light and the
heavy pre-fragment). These parameters are expected
not to depend on the fissioning system, and to stay
constant on the way to scission, once the nascent frag-
ments have acquired their individual properties.

Fragment shells deduced from the fission of

actinides: It is known since long that the mean
mass of the heavy component in asymmetric fission
of the actinides is approximately constant at A ≈ 140
[377]. This is an indication that shells in the heavy
fragment are dominant. Böckstiegel et al. [269] com-
piled a systematics of fission channels, deduced from
measured fission-fragment mass and element distri-
butions, partly from two-dimensional mass-TKE dis-
tributions. The systematics of the mean proton and
neutron numbers of the standard 1 and the standard 2
fission channels, following the nomenclature of Brosa
et al. [240], is shown in figure 20. Obviously, the stan-
dard 1 and the standard 2 channels are located at the
proton numbers Z ≈ 52 and Z ≈ 55, respectively.
This feature is most clearly evidenced by the data
from the long isotopic chains measured in electromag-
netic fission of relativistic secondary beams [254], but
it had already been observed for proton-induced fis-
sion of isotopic chains of heavier elements by Gorodis-
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skiy et al. [378]. In contrast, the neutron number
varies systematically as a function of the mass of the
fissioning nucleus.
This means that the most prominent asymmet-

ric fission channels, standard 1 and standard 2, are
caused each by a fragment shell that fixes the num-
ber of protons in the heavy fragment at Z ≈ 52 and
Z ≈ 55, respectively. However, while the value of
Z = 52 is compatible with the Z = 50 proton shell,
if some contribution from the neck is taken into ac-
count, one should be cautious to conclude that this
observation is an indication for a proton shell near
Z = 55 or a bit lower due to the neck contribution.
A discussion of this problem in view of theoretical
studies of nuclear shell structure is found in section
5.4.1.
The shell strength behind the S2 fission channels

was kept constant for all systems. The shell strength
behind the S1 fission channel was assumed to vary as
a unique function of the N/Z value of the fissioning
system, starting from a maximum value for N/Z =
82/50, except for the plutonium isotopes, where this
shell was enhanced by 0.4 MeV in order to fit the
experimental mass distributions. This enhancement
will come into play in the next section again.
The ideas outlined above with a few refinements

were applied for describing with a remarkable preci-
sion the fission yields of a great number of fissioning
systems ranging from Z = 90 to Z = 112 in the
semi-empirical GEF model using a unique set of pa-
rameters [224]. Figure 21 shows calculated fission-
fragment mass distributions compared to evaluated
data for some selected nuclei. Note that the masses
in the underlying data are unambiguously identified
by radiochemical methods [256]. Thus, the GEF re-
sults can directly be compared with the evaluated
data. This is not the case for mass distributions de-
termined in kinematical measurements (e.g. double-
energy measurements), which are distorted by a lim-
ited mass resolution [114] and ambiguities in the cal-
ibration [125], as already mentioned in section 3.2.
In addition, the provisional masses of 260Md(sf) are
shown in comparison with the GEF result. A much
more detailed comparison covering many fissioning
systems and different energies can be found in [224].

Fragment shells deduced from fissioning sys-

tems in the lead region: Let us remind that,
when moving from the actinides to lighter fission-
ing systems, asymmetric fission gradually disappears,
and symmetric fission takes over [254]. However, in
the lead region, complex structures appear [250, 248],
showing up as double-humped or triple-humped mass
distributions [153]. It is tempting to search for regu-
larities in this phenomenon. This would also allow to
improve the description of fissioning systems in this
region with the GEF model. This appears to be a
difficult task, because the data are very scarce.
Figures 22 and 23 show the measured mass distri-

butions with the most pronounced structures in this
region. For most of these distributions, the mean
masses of the asymmetric components and their un-
certainties were determined in [153]. Figures 24 and
25 show the deduced mean positions of these peaks
in neutron and proton number, respectively, both in
the light and in the heavy fragment. The UCD as-
sumption has been used to infer the number of pro-
tons and neutrons in the fragments from the mea-
sured mass distributions. Obviously, the positions in
neutron number move in an irregular way. The same
is true when the position in proton number of the
heavy fragment is considered. The position of the

light peak in proton number, however, shifts much
less and moves in a rather smooth way. Figure 25 also
shows the position of the light fragment produced in
the fission of plutonium isotopes, which corresponds
to the S1 fission channel. As reported above, the yield
of the S1 fission channel shows a clear enhancement
if compared to the regular trend. One is tempted to
attribute this enhancement to the simultaneous for-
mation of fragments near the doubly magic 132Sn in
the heavy fragment and the formation of fragments
in the fission valley that is responsible for the double-
humped peaks of fissioning systems in the lead region.
The straight line shows a linear fit to the positions of
the light peak in the fission of 180Hg and 201Tl. Fig-
ures 22 and 23 show, in addition to the data, the
description with the GEF13 code that was achieved
after the implementation of a fission valley with the
position defined by the straight line in figure 25.
In this context, it is interesting to note that also

the mean Z values of the S1 and the S2 fission chan-
nels show a modest linear variation as a function of
mass ACN or neutron number NCN , see figure 20.
The magnitude of this variation is similar to the one
observed in figure 25 for the shell around Z = 36
(around ∆Z = 1 for ∆NCN = 10, but the sign is op-
posite. May be, the different sign is related to the fact
that the shells behind the asymmetric fission channels
in the actinides are located in the heavy fragment,
while the structures in the measured mass distribu-
tions in the lead region are caused by a shell in the
light fragment.
In order to reproduce the data, the strength of

this shell was supposed to vary as a function of the
number of neutrons in the fissioning nucleus NCN

as shown in figure 26. In addition, figure 26 shows
the strength of the shell in the light fragment that
is assumed to enhance the S1 yield in the plutonium
isotopes. The value of 0.4 MeV is only little below
the value found for 201Tl, suggesting that the lin-
ear variation of the shell strength, represented by the
straight line in figure 26 cannot simply be extrapo-
lated to larger values of NCN .
The mass distribution after proton-induced fission

of 201Tl has been carefully measured as a function
of excitation energy [250]. Figure 23 shows that this
variation is reasonably well reproduced by the GEF
code with the available formalism without any spe-
cific adjustments.
We conclude that the characteristics of the mass

distributions in the lead region, as far as measure-
ments exist, are compatible with the appearance of a
fission valley (in proton number of the light fragment)
that varies smoothly in strength and position with
the neutron number of the fissioning system, if one
disregards the substantial deviations found between
GEF results and the measured mass distribution of
202Rn, see figure 22. Unfortunately, the statistical
uncertainties for this system are rather large.
More data from future experiments will allow to

verify the tentative description of the structural ef-
fects in the fission-fragment distributions of nuclei
in the lead region deduced in this section. In any
case, this analysis revealed some prominent system-
atic trends in the available data.

13In this case and in some others, where newly implemented
features are involved, the calculations were made with the GEF
version Y2017/V1.2, although this version is still under devel-
opment, and the parameter values are still preliminary. This
is indicated in the corresponding figure captions. In all other
cases, the version Y2016/V1.2 was used.
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Figure 21: (Color online) Evaluated and measured mass distributions (black symbols) of fission fragments
in comparison with the result of the GEF model (blue symbols). The mass distributions after prompt-
neutron emission are taken from the evaluation of Ref. [379]. The provisional masses from spontaneous
fission of 260Md (black histogram) were directly deduced from the ratio of the fragment energies with a finite
resolution of about 4 mass units without applying a correction for prompt-neutron emission. The data of the
corresponding mass distribution are taken from Ref. [235]. The green lines show the calculated contributions
from the different fission channels. The figure is taken from Ref. [344] with kind permission of The European
Physical Journal (EPJ).
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Figure 22: (Color online) Measured pre-neutron fission-fragment mass distributions from beta-delayed fission
of the compound nuclei 180Hg, 194Po, 196Po, and 202Rn [142, 153] (full black symbols) in comparison with
the result of the GEF code (GEF 2017/V1.2) (open red symbols).

Figure 23: (Color online) Measured pre-neutron fission-fragment mass distributions from proton-induced
fission of the compound nucleus 201Tl [250] (full black symbols) in comparison with the result of the GEF
code (GEF 2017/V1.2) (open red symbols). The excitation energies above the fission barrier are indicated.
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Figure 24: (Color online) Mean positions of the asym-
metric fission components of the mass distributions
shown in figure 22 (beta-delayed fission of the com-
pound nuclei 180

80Hg,
196
84Po, and 202

86Rn), and figure
23 (20181Tl at 7.4 MeV above the fission barrier). The
mass values were transformed into neutron numbers
by the UCD assumption.

Figure 25: (Color online) Mean positions of the asym-
metric fission components of the mass distributions
shown in figure 22 (beta-delayed fission of the com-
pound nuclei 180Hg, 196Po, and 202Rn) and figure 23
(201Tl at 7.4 MeV above the fission barrier). The
mass values were transformed into proton numbers
by the UCD assumption. In addition, the mean num-
ber of protons in the light fragment of the fission of
Pu isotopes, belonging to the S1 fission channel, is
shown.

4.3.6 Heat transport between nascent frag-

ments

The transformation of energy between potential en-
ergy, intrinsic and collective excitations as well as ki-
netic energy is a very important aspect of the nuclear-
fission process. It determines the partition of the fis-
sion Q value (plus eventually the initial excitation
energy of the fissioning system) between kinetic and
excitation energy of the final fragments. Moreover,
the division of the total excitation energy between
the fragments is of considerable interest, because it
strongly influences the number of prompt neutrons
emitted from the fragments. Thus, it also induces a
shift towards less neutron-rich isotopes.

Dissipation on the fission path: As mentioned
above, the description of dissipation in the fission pro-
cess, in particular in low-energy fission, where pairing
correlations play an important role, still poses severe
problems to theory. In the range of pairing correla-
tions, Bernard et al. [14] developed the Schrödinger
Collective Intrinsic Model for describing the coupling
between collective and intrinsic two-quasi-particle ex-
citations on the fission path in an extended version
of the generator coordinate method. Tanimura et

Figure 26: (Color online) Line: Strength of the shell
that is responsible in GEF for the asymmetric fission
valley of the systems shown in figures 22 and 23. The
full symbol denotes the strength of the shell in the
light fragment that enhances the S1 fission channel
in the Pu isotopes. See text for details.

al. [61] recently observed deviations from the adia-
batic limit of the microscopic transport theory by
single-particle levels crossing in the vicinity of the
fission barrier. Once the nascent fragments acquire
their individual properties, the single-particle levels
stay approximately parallel, and the process is es-
sentially adiabatic. Shortly before scission, one-body
dissipation becomes stronger due to the fast shape
changes connected to the neck rupture.

It is expected that the effects on the fission observ-
ables from these two processes are rather different.
Because the relaxation time of intrinsic excitations
is short compared to the estimated saddle-to scission
time14, one may assume that the induced nucleonic
excitations are, on the average, equally distributed
over all intrinsic degrees of freedom of the fission-
ing system when it reaches the scission configura-
tion. The dissipation near scission, however, occurs
so shortly before neck rupture that the equilibration
of the energy may be expected to happen to a great
part after scission, where exchange between the frag-
ments is inhibited.

The dissipated energy is fed by the potential-
energy difference between outer barrier and scission
for which Asghar and Hasse derived a general esti-
mation [380]. This energy difference gives an upper
limit of the dissipated energy, because it is shared by
intrinsic excitations, collective excitations and pre-
scission kinetic energy.

Statistical properties of the nascent fragments:

As already mentioned, we assume that the intrinsic
excitation energy, consisting of the intrinsic excita-
tion energy above the outer barrier plus the energy
dissipated in the region of strong level crossing be-
hind the barrier is, averaged over many fission events,
equally distributed over all intrinsic degrees of free-
dom of the fissioning system when it reaches scission.
The division of this excitation energy Etot among the
nascent fragments in statistical equilibrium is deter-
mined by the number N of states available in the two
nuclei. Thus, the distribution of excitation energy E1

of one fragment before neck rupture is calculated by
the statistical weight of the number N of states with
a certain division of excitation energy between the

14The characteristic time for the thermalization of the in-
trinsic excitation energy of a nucleus is a few times the time a
nucleon needs to travel over the diameter of the nucleus with
the Fermi velocity. This is in the order of a few times 10−22

s. The estimated saddle-to-scission time is appreciably longer,
about 10−20 s [309] or even longer [67].
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fragments

dN

dE1
∝ ρ1(E1) · ρ2(Etot − E1). (10)

Note that ρ1 and ρ2 are the level densities of the frag-
ments in their shape just before scission, not in their
ground-state shape! The remaining energy Etot −E1

is taken by the other fragment.
There exist several analytical level-density descrip-

tions, e.g. refs. [381, 382, 383, 102, 384], and, recently,
also a few microscopic calculations [385, 386, 387].
In the present context, we are not interested in de-
scribing the peculiarities of specific systems, but to
understand the main thermodynamical properties of
a nucleus that determine the average behavior of
the energy division between the nascent fragments.
For this purpose, using a global level-density descrip-
tion is better suited and more transparent than us-
ing individual results of microscopic models for spe-
cific nuclei. General investigations of the validity
of recommended parametrizations can be found in
refs. [383, 388, 102]. These were rather oriented in
benchmarking the level-density descriptions against
empirical data derived from level counting, neutron
resonances and evaporation spectra. However, in
Ref. [389] it was pointed out that many level-density
descriptions violate basic theoretical requirements, in
particular in the low-energy range where pairing cor-
relations play an important role. These violations are
often not easily recognized or checked by a compar-
ison with experimental data due to the incomplete-
ness and uncertainty of the data, but they can be
important when considering the evolution of nuclear
properties in terms of statistical mechanics.
The requirements, formulated in [389], are:

• The level density below the critical pairing en-
ergy [390], the excitation energy where pairing
correlations disappear15, is characterized by an
approximately exponential function, correspond-
ing to a constant temperature. This is quali-
tatively explained by the phase transition from
super-fluidity to a Fermi gas that stores any
additional energy in creating additional degrees
of freedom by quasi-particle excitations instead
of an increasing temperature. In addition to
the empirical evidence, for example from experi-
ments performed at the Oslo Cyclotron Labora-
tory [391], a theoretical justification on the basis
of the BCS approximation was given recently by
Moretto et al. [392], where the thermodynami-
cal nuclear properties are considered as a func-
tion of excitation energy instead of the temper-
ature as usually done before, e.g. [393]. There
are even experimental indications [394] and the-
oretical considerations [395] that the constant-
temperature behavior extends up to an exci-
tation energy of 20 MeV. Empirical constant-
temperature parametrizations, e.g. Ref. [384] or
Ref. [396], represent the level density in this en-
ergy range rather well.

• The level densities of neighboring even-even,
odd-mass and odd-odd nuclei are essentially
identical, except the gradual systematic depen-
dence on the mass and the variation of the shell
effect, in a reduced energy scale U where the
excitation energy above the ground state Egs is
shifted to exactly eliminate the odd-even stag-
gering of the binding energies. The main differ-
ences are the additional levels below the pairing

15Strictly speaking, this transition is not sharp due to the
small size of the nucleus [393].

energy ∆ or 2 · ∆ in odd-mass and even-even
nuclei, respectively, if compared to odd-odd nu-
clei. This feature has already been described by
Strutinsky [397] with an analytical solution of
the pairing problem in a Boltzmann gas. (See
also figure 9 of Ref. [270].) It is stressed again in
Ref. [392]. As can be seen in figure 27, the ex-
perimental level densities obtained with the Oslo
method fulfill fairly well this requirement: The
level densities of neighboring nuclei tend to con-
verge when the excitation energy is shifted ac-
cordingly, and the systematic even-odd stagger-
ing of the level density is removed. The remain-
ing deviations are not very important in view
of the strong systematic mass dependence of the
inverse logarithmic slope. They are discussed in
more detail below.

• The level density above the critical pairing en-
ergy is well represented by the Bethe formula of
independent fermions [398], which is also known
as the Fermi-gas level density, with an energy
shift by the pairing condensation energy with re-
spect to the ground state16. This energy shift
includes an odd-even staggering that eliminates
the odd-even staggering of the nuclear binding
energy (see previous point). In addition, the col-
lective enhancement [399] is considered by the
application of an appropriate factor. Shell ef-
fects can additionally be taken into account, for
example by the analytical formula of Ignatyuk et
al. [382].

The resulting level-density description, proposed in
Ref. [389] resembles the composite level-density for-
mula of Gilbert and Cameron [381], however with an
increased matching energy in the order of 10 MeV,
see figure 1 of Ref. [389]. This value of the matching
energy, which can also be interpreted as the critical
pairing energy, is in good agreement with results of an
analysis of measured angular distributions of fission
fragments [400] and energy-dependent fission proba-
bilities [382].

Energy sorting: From the previous discussion, we
conclude that a fissioning nucleus on the way to scis-
sion develops from a mono-nucleus to a di-nuclear
system, where two nascent fragments acquire their in-
dividual thermodynamical properties well before scis-
sion. Because they are still connected by a neck, they
can exchange nucleons and excitation energy [401].
At moderate excitation energies, the two nascent
fragments form a rather peculiar system: They act
like microscopic thermostats. Each fragment can be
considered as a heat bath of constant temperature for
the other fragment, although the system has a rather
small fixed number of particles and a rather low fixed
amount of total energy. Disregarding shell effects,
the nuclear temperature in the constant-temperature
regime decreases systematically with the fragment
mass: T ∝ A−2/3 [384].

Figure 27 illustrates the variation of the logarith-
mic slope of the level density of the fission fragments
as a function of mass in the reduced energy scale. The
nuclei are situated in the extreme light, respectively
heavy, wings of the fission-fragment distributions in
order to clearly show the effect. This indicates that
the light fragment has a systematically higher tem-
perature than the heavy one. Accordimg to an esti-

16The pairing condensation energy is defined as the energy
difference between the (hypothetical) ground state without the
pairing effect and that with the pairing effect [390].
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mate on the basis of the empirical level-density de-
scription of Egidy et al. [384] (which considers the
systematic variation of the temperature with the nu-
clear mass and the influence of shell effects) and us-
ing shell effects at scission from the fit parameters of
GEF, the influence of shell effects may inverse this
tendency only in nearly symmetric splits. This may
eventually be the case for the S1 fission channel in the
actinides. The few measured mass-dependent neu-
tron multiplicities (e.g. [402, 403]) do not show any
indication for such a reversed energy sorting, but, in
any case, it would be difficult to be observed due to
the small yield of the S1 fission channel in these sys-
tems.

Figure 27: (Color online) Experimental level densities
of various nuclei in a reduced excitation-energy scale
U = Egs −n ·∆(∆ = 12/

√
A). The excitation energy

above the ground state Egs is reduced by 2·∆ (n = 2)
for even-even (e-e) nuclei, by ∆ (n = 1) for even-
odd (e-o) or odd-even (o-e) nuclei and left unchanged
(n = 0) for odd-odd (o-o) nuclei. The line colors
characterize the different categories (ee,eo,oe,oo), and
the line width is specific to the lighter or the heavier
group of nuclei. The figure is modified from Ref. [51],
where also the references of the data can be found.

As a consequence, the intrinsic energy (heat) tends
to flow to the heavier nascent fragment that has the
lower temperature. This process of energy sorting
has first been described in Ref. [11]. The process of
heat exchange proceeds in rather large and fluctuat-
ing steps that lead to an averaging of the level densi-
ties and make possible the application of thermody-
namical concepts [401]. This averaging significantly
smoothes out the fluctuations in the level density
present at the lowest excitation energies, which are
caused by the first quasi-particle excitations. With
increasing initial excitation energy, the fragments en-
ter the Fermi-gas domain, and the energy sorting
gradually disappears [20]. Asymptotically, at high
excitation energy, the heat is shared by the fragments
in proportion to their masses.

Prompt-neutron yields: There are several ob-
servables that provide information on the energet-
ics of the fission process. The total kinetic energy
of the fragments, and the energy spectra and multi-
plicities of prompt neutrons and prompt gammas are
the most prominent ones. Among those, the prompt-
neutron multiplicity gives the most direct and the
most detailed information, because the emitted neu-
trons can individually be attributed to a specific frag-
ment by their kinematical properties in a moving-
source fit [404]. Moreover, neutron evaporation is by
far the most probable decay channel, when the exci-
tation energy exceeds the neutron separation energy.

Thus, the excitation energy of a specific fragment is
given to a good approximation by the sum of the
neutron separation energies and the mean neutron
kinetic energies, which can be estimated rather reli-
ably, plus an offset, i. e. an amount of energy that
ends up in prompt-gamma emission. This offset is
rather independent of the initial excitation energy of
the fragment. It amounts to about half the neutron
separation energy of the final fission product plus the
rotational energy, the fragment still has after prompt-
neutron emission.
More than 40 years ago, the measurement of

prompt-neutron multiplicities was already a subject
of great interest, see for example [405, 406, 407, 408,
409]. Several experiments were performed to deter-
mine the mass-dependent average neutron multiplic-
ity as a function of the initial excitation energy of
the fissioning system. Figure 28 shows this kind of
data for neutron- and proton-induced fission of 237Np
and 238U, respectively, for different excitation ener-
gies. It should be noted that the observed events from
proton-induced fission sum up from different fission
chances. That means that the excitation-energy dis-
tribution at the saddle deformation reaches from the
initial excitation energy down to energies in the vicin-
ity of the fission barrier.

Figure 28: Post-scission mean prompt-neutron mul-
tiplicities as a function of fragment mass for different
systems. The lines are drawn to guide the eye. The
initial excitation energy of the fissioning system is
listed. The figure is taken from [410].

The curve for the fast-neutron-induced fission of
238U in figure 28 shows a saw-tooth behavior that is
typical for the prompt-neutron multiplicities in the
actinides. An explanation in terms of fragment shells
that determine the deformation of the fragments at
scission was given by Wilkins et al. in their scission-
point model [244]: As a result of their Strutinsky-
type calculations, the energetically favorable defor-
mation of the light and the heavy fragments increases
with the mass of the fragment. This deformation en-
ergy is thermalized after scission and feeds the evap-
oration of prompt neutrons. The minimum around
A = 130 is attributed to fragments near the dou-
bly magic spherical 132Sn. Another salient feature
of these data is that almost all additional energy in-
duced by an increasing incoming-particle energy ends
up in the heavy fragment. This feature remained un-
explained, in spite of many attempts. The discovery
of energy sorting provides a convincing explanation
for the transport of essentially all additional excita-
tion energy that is brought into the system to the
heavy fragment. Similar features are found in mass-
dependent prompt-neutron multiplicities of proton-
induced fission of 242Pu with Ep between 13 and 55
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MeV [411]. Previous model calculations could not
reproduce these data, because the division of excita-
tion energy at scission was estimated on the basis of
the Fermi-gas level density. In these calculations, the
particularities at energies below the critical pairing
energy due to pairing correlations where not consid-
ered.
Tudora and collaborators published a detailed in-

vestigation on the mass-dependent prompt-neutron
multiplicities as a function of excitation energy like
those shown in figures 28 and 29 and succeeded to re-
produce the observed features by the Point-by-Point
method, without invoking the energy-sorting mecha-
nism [412, 334]. We are not convinced about the re-
liability of these investigations, because they contain
several inconsistencies. We mention only three: (i)
The ground-state shell effects were used for describing
the level density in the nascent fragments at scission,
although the shell effects are very sensitive to the
shape of the nucleus [413, 294]. (ii) The application of
the Fermi-gas level-density formula at scission implies
that pairing correlations are absent [389]. This con-
tradicts the observation of a pronounced odd-even ef-
fect in fission-fragment Z distributions [271, 51]. (iii)
In the cases considered in [412], the assumed intrin-
sic excitation energy at scission exceeds the available
energy, which is the sum of the excitation energy at
the fission barrier plus the estimated potential-energy
lowering from saddle to scission [380].

Figure 29: (Color online) Measured prompt-neutron
multiplicity in 237Np(n,f) as a function of pre-neutron
fragment mass at two different incident-neutron ener-
gies [403] (data points) in comparison with the result
of the GEF model [224] (histograms). The figure is
taken from Ref. [341].

The quantitative estimation of the mass-dependent
prompt-neutron multiplicities in proton-induced fis-
sion is complicated by the contributions from multi-
chance fission. Rather accurate experiments on mass-
dependent prompt-neutron multiplicities below the
threshold for second-chance fission were performed
by Müller et al. [402] and Naqvi et al. [403] with
incident neutrons of different energies. The data of
Ref. [403] are compared in figure 29 with a calcula-
tion performed with the GEF code that considers the
constant-temperature behavior of the level density in
the range of pairing correlations [389]. Due to energy
sorting, the prompt-neutron multiplicity in the light
fission-fragment group remains the same, in spite of
an increase of the initial energy by almost 5 MeV.
We conclude that the application of statistical me-

chanics is an efficient way to handle the division of
excitation energy between the nascent fragments on
the fission path. The results reproduce the experi-
mental data on energy sorting with a good accuracy.

Unfortunately, high-quality data of this type are still
scarce.

Odd-even effect in fission-fragment yields:

The odd-even effect in fission-fragment distributions,
i. e. the enhanced production of fission fragments
with an even number of protons and/or neutrons, is
one of the most prominent manifestations of nuclear
structure. This phenomenon can be studied in anal-
ogy to the energy sorting, described above: Also with
respect to pairing correlations, the individual frag-
ment properties are assumed to be established well
before scission [414], and statistical equilibrium be-
fore scission may be assumed.
As already mentioned, the nuclear level densi-

ties considered on an absolute energy scale evolve
smoothly without any noticeable odd-even staggering
as a function of the number of protons and neutrons,
except the appearance of additional levels compared
to odd-odd nuclei, with a fully paired configuration
in even-even nuclei and with fully paired configura-
tions in the proton respectively neutron subsystem in
odd-A nuclei, see figure 27. Therefore, in a statistical
consideration the appearance of odd-even staggering
in fission yields must be connected in some way with
these fully paired configurations. Indeed, at reduced
energies above the ground-state level of odd-odd nu-
clei, the statistical weight of excited states (see equa-
tion 10) is equal in all classes of nuclei (even-even,
even-odd, odd-even and odd-odd), if the smooth mass
dependence is taken out. Also the number of avail-
able states in even-odd and odd-even nuclei above
the ground-state level of odd-A nuclei is the same.
That means that the overproduction of fragments
with even number of protons can be traced back to
even-even light fragments that are formed fully paired
at scission when statistical equilibrium is assumed.
The odd-even effect in fission-fragment proton or

neutron number before neck rupture can quantita-
tively be calculated by the statistical weight of con-
figurations with even and odd numbers of protons,
respectively neutrons, in the nascent fragments.

Figure 30: Local logarithmic four-point difference δp
of the fission-fragment Z distributions as a function
of asymmetry, represented by the ratio of the nuclear
charge of the light fragment Z1 and the nuclear charge
of the fissioning nucleus ZCN . The symbols show ex-
perimental data from the compilation of Ref. [271]
and denote the target nuclei: 229Th (stars), 235U
(open triangles), 242Am (full triangles), 245Cm (open
squares), 249Cf (open circles). The lines correspond
to the results of the model of Ref. [51] described in
the text. The figure is taken from Ref. [51].

A schematic model following these ideas has been
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developed in Ref. [51]. See also Ref. [224] for the
implementation in the GEF code. For an even-even
fissioning nucleus, the number of configurations with
fragment charge Z1 even, which implies that also the
charge of the complementary fragment Z2 is even, at
fixed total reduced energy Utot is given by:

Nee
Z1=e(Z1) =

Utot+2∆2
∫

−2∆1

ρ1(U1)(ee)ρ2(Utot−U1)(ee)dU1+

(11)

Utot+∆2
∫

−∆1

ρ1(U1)(eo)ρ2(Utot − U1)(eo)dU1

where ρi(Ui)(ee) and ρi(Ui)(eo) are the level densities
of even-even and even-odd fragments, respectively.
The mass numbers A1 and A2 of the two fragments
(used to calculate the level density) are the closest
integer numbers (even or odd for even-even or even-
odd fragments, respectively) to the values calculated
from Z1 and Z2 by the UCD assumption. The re-
duced energy U is shifted with respect to the excita-
tion energy E available in the two nascent fragments
U = E − n∆, n = 0, 1, 2 for odd-odd, odd-mass, and
even-even fragments, respectively. This ensures the
use of a common energy scale in the frame of the
fissioning system, which is a basic requirement for
the application of statistical mechanics. Long-range
variations of the total available excitation energy as
a function of mass asymmetry [39] are neglected in
the schematic model presented here. They might be
additionally considered in a more refined model.
The number of configurations with Z1 odd, which

implies that also Z2 is odd, for an even-even fissioning
nucleus is:

Nee
Z1=o(Z1) =

Utot+∆2
∫

−∆1

ρ1(U1)(oe)ρ2(Utot−U1)(oe)dU1+

(12)

Utot
∫

0

ρ1(U1)(oo)ρ2(Utot − U1)(oo)dU1

where ρi(Ui)(oe) and ρi(Ui)(oo) are the level densi-
ties of representative odd-even and odd-odd nuclei,
respectively, with mass close to A1 or A2. The
mass numbers A1 and A2 of the two fragments are
again related to Z1 and Z2 by the UCD assump-
tion. The yield for even-Z1 nuclei is Y ee

Z1=e(Z1) =
Nee

Z1=e(Z1)/N
ee
tot(Z1) with Nee

tot(Z1) = Nee
Z1=e(Z1) +

Nee
Z1=o(Z1). Similar equations hold for odd-even,

even-odd and odd-odd fissioning systems. The to-
tal available reduced intrinsic excitation energy Utot

is assumed to be a fraction of the potential-energy
difference from saddle to scission plus the initial ex-
citation energy above the barrier [380]. Thus, it also
increases with the Coulomb parameter Z2/A1/3 of the
fissioning nucleus.
The result of these considerations is that the

odd-even effect in fission-fragment Z distributions is
caused by the statistical weight of configurations with
a concentration of all intrinsic excitation energy and
unpaired nucleons in the heavy fragment and the for-
mation of a light fragment in a fully paired state.
This approach reproduces the observed salient fea-

tures of the proton odd-even effect [271]: (i) The
global odd-even effect (ΣYZ=e −ΣYZ=o) / (ΣYZ=e +
ΣYZ=o) decreases with the Coulomb parameter and
with increasing initial excitation energy. (ii) The lo-
cal odd-even effect, represented by the logarithmic

four-point differences,
δp(Z + 3/2) = 1/8(−1)Z+1(lnY (Z + 3) − lnY (Z) −
3[lnY (Z + 2)− lnY (Z + 1)]),
increases towards mass asymmetry. (iii) The local
odd-even effect for odd-Z fissioning nuclei is zero at
mass symmetry and approaches the value of even-Z
nuclei for large mass asymmetry. As shown in figure
30, the quantitative reproduction is satisfactory, ex-
cept for the system 229Th(nth,f). The disagreement
found for this system may be caused by the neglect
of fluctuations in the dissipated energy. In fact, for a
great part of the fission events the available energy of
this system may be so low that they reach the scis-
sion point in a completely paired configuration due
to the threshold character of the first quasi-particle
excitation.

It is expected that the same ideas are valid for
the odd-even effect in fission-fragment N distribu-
tions at scission, that means before the emission of
prompt neutrons. However, in the measured num-
ber of neutrons in post-neutron fission fragments this
initial odd-even effect is masked by the influence of
the neutron-evaporation process, which imposes its
own odd-even fluctuations [415, 276, 416]. This idea
explains, why the measured values of δN for electro-
magnetic and neutron-induced fission are very simi-
lar, see figure 1. It was successfully implemented in
the SPACS code for calculating the nuclide yields of
spallation residues [417].

We would like to stress that the model of Ref. [51]
does not include the effect of the neck rupture. By
many authors (see Ref. [232]), it is advocated that
any production of odd-Z fragments starting from
fully paired configurations at saddle is exclusively
caused by pair breaking during the fast shape changes
connected with the rupture of the neck. However,
no quantitative estimation has been proposed. This
would imply that the motion from saddle to the con-
figuration before neck rupture is totally adiabatic
and that a sizable fraction of the unpaired nucleons,
emerging from the quasi-particle excitations at neck
rupture, end up in different fragments. These as-
sumptions can only be verified by elaborate micro-
scopic models. The result of Tanimura et al. [61]
from TD-EDF theory seems to contradict the first
assumption, because they obtained a sizable amount
of dissipation before scission in the region of many
level crossings in the vicinity of the second barrier.
The second assumption is not obvious neither to us,
because we expect that the localization of the wave
functions in the di-nuclear regime, discussed before,
also leads to a localization of the pairing correlations
in the two nascent fragments already before scission.
The later transfer of single nucleons from one nascent
fragment to the other one might be improbable dur-
ing the short duration of the scission process. Finding
a valid answer to these questions is an important task
for dynamical quantum-mechanical models. In any
case, the complete sorting of the available intrinsic
excitation energy, consisting of the initial excitation
energy of the system above the outer fission barrier
and the energy, dissipated between outer barrier and
scission, and its effect on the enhanced presence of an
even number of protons and neutrons in the light pre-
fragment is expected to well describe the situation
of the system before neck rupture, when the excita-
tion energies of the fragments stay in the superfluid
regime.

The odd-even effect in fission-fragment Z distribu-
tions is one of the complex features of nuclear fis-
sion that can only be fully understood by dynamical
quantum-mechanical models. These models need to
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Figure 31: (Color online) Measured fission-fragment
mass distributions from neutron-induced fission of
238U for a series of incident-neutron energies [419]
(black symbols) in comparison with the GEF-model
results without (black dashed line) and with (red
full line) account of experimental resolution. The
neutron-beam-energy interval in the experiment as
well as the energy used for GEF are indicated. The
figure is taken from [418].

be further developed by simultaneously handling dis-
sipation, statistical mechanics and quantum localiza-
tion in a realistic way. At present, the application of
statistical models [51] and considerations on the in-
fluence of dynamical processes at scission [232] give
an idea about the processes that are involved in the
problem and that should be further studied.

4.4 Other results of the GEF model

While the underlying theoretical ideas of the GEF
model were presented in section 4.3, together with
the rather directly related observables, the present
section deals with observables that are related to the
basic ideas of GEF in a more complex way. The con-
frontation with experimental data tests, whether the
interplay of the different elementary processes imple-
mented in GEF is able to describe the complex be-
havior of the fission process in a realistic way in a
more general sense. This section is not meant to be
exhaustive. For additional information we refer to
the detailed description of the GEF model in [224]
and other specific publications, e.g. [418].

4.4.1 Fission-fragment yields at higher exci-

tation energies

Fission-fragment mass distributions from neutron-
induced fission of 238U have been measured in the
thesis of P. Zöller [419] over a wide energy range.
(Unfortunately, these data remained unpublished.)
These data are shown in figure 31 in comparison with
results from GEF calculations, which reproduce the
data rather well. At the higher energies, multi-chance
fission plays an important role.

Figure 32: (Color online) Mean post-neutron frag-
ment N/Z ratio as function of fragment Z for various
fissioning systems as measured at VAMOS (symbols)
[420], and compared with GEF calculations (dashed
lines). The figure is taken from [418].

However, for a full specification of the fission-
fragment yields on the chart of the nuclides, also the
charge polarization (a different N/Z ratio in the two
fragments formed at scission) and prompt-neutron
emission, which induces a shift to less neutron-rich
fragments, needs to be considered. (As already men-
tioned, fission-fragment yields before prompt-neutron
emission, fully defined in A and Z, are practically
inaccessible to experiment.) Data on the evolution
of the N/Z coordinate at higher excitation energies
have emerged only recently from the VAMOS exper-
iment. Measured average numbers of neutrons after
prompt-neutron emission over Z are shown in figure
32 and compared with the result of GEF calculations
for different fissioning systems at different excitation
energies. A pronounced structure above Z = 45 is
observed, which is gradually washed away with in-
creasing mass and increasing excitation energy of the
system. This structure is a combined effect of the
charge polarization in the fission-fragment distribu-
tion before prompt-neutron emission, which favors
the formation of neutron-rich heavy fragments in the
S1 and the S2 fission channels, and the mass depen-
dent saw-tooth shape of the prompt-neutron multi-
plicity. For a detailed discussion see for example ref.
[224]. The data are rather closely reproduced by the
GEF model. Further investigations with the model
suggest that the washing out of the structure can be
attributed almost exclusively to the increasing exci-
tation energy.

4.4.2 Total kinetic energy

Although the total kinetic energy (TKE) is given by
the available energy of the system, that means by
the sum of initial excitation energy and the Q value,
minus the total excitation energy of the fragments,
when emission of particles and gamma radiation be-
fore scission is neglected, it contains additional infor-
mation on the fission process. In particular, the mean
TKE, averaged over all partitions in Z and A also re-
flects the changes of the Q value due to variations of
the fission-fragment distribution. TKE values mea-
sured after prompt-neutron emission also reflect the
total corresponding mass loss of the system before
and after scission. Thus, model predictions on the
fragment yields can be tested also indirectly by other
experiments than direct measurements of the yields.
This also shows again the interconnections and the
correlations between the different fission quantities.
Figure 33 shows recently measured average TKE
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Figure 33: (Color online) Measured average total-
kinetic energies after prompt-neutron emission from
neutron-induced fission [421] of 235U (black full sym-
bols) in comparison with the result of the GEF code
(red open symbols).

values from neutron-induced fission of 235U [421] in
comparison with the GEF code. These data are fairly
well reproduced, although some deviations above En

= 40 MeV appear, whose origin is not clear. De-
tailed investigations show that also the total prompt-
neutron yields are well reproduced (they have been
measured up to En = 50 MeV [422, 423]), which lead
to a reduction of the fragment masses and, thus, ex-
plain part of the TKE decrease at higher energies.
Good agreement with the measured mass distribu-
tions of 238U(n,f) [419], demonstrated in figure 31,
indicates that also the fission-fragment mass distri-
bution, which determines the average Q value, is well
reproduced.
The kink of the calculated values in figure 33 at

about En=14 MeV is related to multi-chance fission.
Here, 3rd-chance fission, that means fission of the
compound nucleus 234U sets in. This leads to a re-
duced yield of symmetric (with systematically lower
TKE), and an enhanced yield of asymmetric fission
(with systematically higher TKE). The nucleus 234U
has a large fission probability at an energy range
somewhat above the fission barrier, because the fis-
sion barrier Bf is lower than the neutron separation
energy Sn. This effect is weaker at the onset of 2nd-
chance fission because in 235U we have Bf > Sn.
This kind of structure disappears at higher energies,
because it is washed out by the fluctuations of the
kinetic energies of the pre-fission neutrons.

4.4.3 Emission of prompt neutrons and gam-

mas

Pre-scission neutrons: There are at least two
sources of neutrons emitted before scission. The first
pre-scission-neutron source is caused by the compe-
tition of particle emission and fission of the initial
excited nucleus in the first well, eventually under the
influence of transient effects [424]. Transient effects
delay the onset of the quasistationary probability flow
over the fission barrier under the influence of dissipa-
tion after the formation of the fissioning system. If
the initial excitation energy is high enough, fission
can occur from the initial nucleus and, after emis-
sion of mostly neutrons, from the respective daugh-
ter nuclei. This phenomenon, called multi-chance fis-
sion, has influence on the fission probabilities and the
fission-fragment properties, as already discussed in
section 4.3.4, but it has also influence on the energy
spectra, the angular distribution, and the multiplic-
ity of the prompt neutrons. The second pre-scission-

neutron source is fed by the evaporation of neutrons
on the fission path, essentially beyond the outer fis-
sion saddle. This phenomenon has intensively been
investigated for determining the nuclear dissipation
strength [410]. In an experiment, neutron emission
before scission can be identified by a kinematical
multi-source fit [425], but the emission in the first
well and the one beyond the fission barrier cannot be
distinguished by this method.
The dependency of the neutron emission between

saddle and scission on the properties of the fissioning
systems is complex and not fully understood, see e.g.
Ref. [426]. Therefore, in the GEF code an heuristic
approach is used. Guided by the saturation of the
total multiplicity of the neutrons emitted from the
fragments at about 4 neutrons found in Ref. [427],
saddle-to-scission neutrons are assumed to be emit-
ted as long as the excitation energy of the fissioning
nucleus at scission exceeds 40 MeV.

Post-scission neutrons: After neck rupture, the
fragments still interact by the Coulomb force, which
leads to an increase of the relative velocities, until
they reach their final kinetic energies. Only for a very
short time, when the gradient of the force across the
fragments is still large, also additional interactions
may occur like Coulomb excitation and the genera-
tion of collective fragment angular momentum [428].
After this, the fragments can be considered separately
as independent nuclei, carrying intrinsic and collec-
tive excitations as well as a well defined angular mo-
mentum. The fragment shape at scission that is in-
fluenced by the interaction with the complementary
fragment relaxes to the equilibrium shape, and the
gain in binding energy by the smaller deformation en-
ergy thermalizes and adds up to the initial intrinsic
excitation energy. Also the excitation energy stored
in collective excitations transforms into intrinsic ex-
citations, while preserving the fragment angular mo-
mentum.
Thus, the fragments after scission can essentially

be considered as compound nuclei with well defined
excitation energy and angular momentum. They will
undergo a statistical de-excitation process that can
be described by a standard evaporation code. At suf-
ficiently high excitation energies, some particle emis-
sion during the acceleration phase may be needed to
be considered, but most part of this process occurs
from the fully accelerated fragments.
The characteristics of the emitted particles (mostly

neutrons) and of the gamma radiation are important
by two reasons: Firstly, they carry precious informa-
tion on the evolution of the fissioning system before
scission. Secondly, they are important for design and
operation of nuclear-power reactors.
Therefore, a statistical-model code is implemented

in the GEF code that calculates the prompt neutrons
and the prompt-gamma radiation emitted from the
fragments after scission. The kinematical properties
of the neutrons refer to the velocity of the emitting
source. Isotropic emission in the respective frame
of the moving fragment is assumed. The angular
momentum is assumed to be conserved during the
de-excitation process, because changes are expected
to be small due to the low angular-momentum val-
ues involved, where the influences of the angular-
momentum-dependent level density and of the slope
of the yrast line tend to compensate [429]. For de-
tails, see Ref. [224].

Neutron multiplicities: Direct measurements
of post-scission prompt-neutron multiplicities are dif-
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Figure 34: (Color online) Systematics of prompt-
neutron multiplicities for spontaneous fission. Mea-
sured mean prompt-neutron multiplicities for sponta-
neous fission (black full symbols) as a function of the
mass number of the fissioning nucleus [430] in com-
parison with the result of the GEF model (red open
symbols). Experimental error bars are not shown
when they are smaller than the symbols. The value
for 253Es is reported without an experimental uncer-
tainty. The figure is taken from [224].

ficult and subject to sizable uncertainties. Very pre-
cise values have indirectly been deduced from inte-
gral and other kind of experiments. Those, however,
may deviate from the true values, because they are
tuned together with other not accurately known fis-
sion quantities to exactly reproduce the results of
the indirect experiments. Therefore, results from di-
rect experiments on prompt-neutron multiplicities in
spontaneous fission (sf) of several systems are com-
pared with the results of the GEF code in figure 34.
The data are reproduced with a standard deviation
of 0.1 units One can observe the sharp drop of the
calculated prompt-neutron multiplicities in the tran-
sition from 256Fm(sf) to 258Fm(sf). Also the peculiar
slope of the prompt-neutron multiplicities as a func-
tion of mass in the Pu systems that differs from the
average trend is a structural effect due to the strong
and strongly varying yield of the S1 fission channel
in these systems. These features demonstrate the im-
portance of these data for the understanding of the
fission process.

More results on the characteristics of prompt-
neutron multiplicities are shown in [224].

Neutron-energy spectra: In figure 35, the en-
ergy spectra of prompt post-scission neutrons are
compared with experimental data for 235U(nth,f) and
252Cf(sf). The GEF code establishes a strong corre-
lation between the shape of the spectrum (in partic-
ular its hardness) and the prompt-neutron multiplic-
ity. The high-energy tail is sensitive to the yields
and the deformation of the heaviest fragments of the
light group, because they have the highest nuclear
temperatures. The model parameters were slightly
tuned to simultaneously describe the measured mass
yields, the mass-dependent prompt-neutron multi-
plicities and the high-energy tails of the spectra for
235U(nth,f) and 252Cf(sf) shown in figure 35 with-

out deteriorating the agreement with other fission ob-
servables. Due to the rather good agreement of the
fragment properties at scission with measured data
provided by the GEF model, calculations with these
parameters are expected to give also realistic predic-
tions for prompt-neutron spectra and multiplicities
for other systems in this region, also for those where
no experimental data are available.

Prompt-gamma emission: As a weak decay
channel, gamma radiation is emitted in competi-
tion with neutron emission and fission from the ex-
cited nuclei from the beginning on, while it be-
comes the dominant or finally the only decay channel
when the excitation energy falls below the neutron-
separation energy and the fission barrier. The same
is true for gamma radiation emitted from the frag-
ments, although here the fission branch is negligible.
Gamma radiation observed in coincidence with fission
is largely dominated by emission from the fragments
after scission. Non-statistical gammas in coincidence
with fission are exclusively observed from the frag-
ments.

Statistical gammas: At energies sufficiently
high above the yrast line, E1 radiation is dominant.
It is essentially continuous and mostly governed by
the gamma strength of the giant dipole resonance.

Non-statistical gammas: At energies close to
the yrast line, distinct gamma lines appear, and, fi-
nally, E2 radiation takes over that most efficiently
removes the fragment angular momentum. The tran-
sition energies are specific to the nucleus considered,
and an accurate theoretical modeling is very demand-
ing, e.g. [434]. Therefore, if possible, tables of ex-
perimental spectroscopic data or, eventually, empir-
ical descriptions are often used, like the variable-
momentum (VMI) model [435]. Compared to other
advanced versions of the VMI model, e.g. [436], the
implementation of the VMI model in GEF [224] pro-
vides an improved modeling of the transition from
rotational to vibrational behavior near closed shells,
see [224].
The low-energy part of the measured prompt-

gamma spectrum of 235U(nth,f) is compared in fig-
ure 36 with the result of the GEF code. In this
calculation, the E2 gamma cascade along the yrast
line is only included, until the fragment meets the
angular momentum of a known isomeric yrast state,
which is listed in the JEFF 3.1.1 decay library. The
measured spectrum is fairly well reproduced with the
exception of a structure around 0.9 MeV, which is
overestimated by GEF. Many gamma lines in this
region stem from nuclei close to the N=82 or the
Z=50 closed shell, where many isomeric transitions
have been observed. This is illustrated by the blue
line, which includes the full E2 gamma cascades be-
low the known isomeric states that are contained in
the JEFF 3.1.1 decay tables. A possible explanation
for the overestimation by the first-mentioned GEF
calculation could be that it still contains some iso-
meric transitions, which are not listed in JEFF 3.1.1,
because they are too short-lived or not yet known
and do not fall into the detection time window of the
experiment.
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Figure 35: Upper panels: Experimental prompt-fission-neutron energy spectra (black lines and error bars)
for 235U(nth,f) [432] (left part) and 252Cf(sf) [433] (right part) in comparison with the result of the GEF
model (red histograms) in logarithmic scale. In the lower panels, the spectra have been normalized to a
Maxwellian with T = 1.32 MeV and T = 1.42 MeV, respectively. The figure is taken from ref. [431].
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Figure 36: (Color online) Low-energy part of the ex-
perimental gamma-energy spectrum (black line with
error bars) [160] for thermal-neutron-induced fission
of 235U in comparison with the GEF prediction (red
full line). The GEF result is convoluted with the
experimental energy resolution. In addition, the cal-
culated spectrum that includes the known delayed
isomeric gamma transitions reported in JEF 3.1.1 is
shown by the light blue line.

4.4.4 Delayed processes

Due to the curvature of the beta-stability line on the
chart of the nuclides, the fission fragments are in gen-
eral unstable against β− radioactive decay. β decay
is a slow process with half lives in the ms region or
longer. Thus, this process is well separated in time
from the emission of prompt neutrons and gammas.
The beta-decay chain ends, when a stable nucleus is
reached.

Beta decay Beta decay proceeds to excited levels
or to the ground state of the daughter nucleus with
different probabilities, given by the beta-strength
function. The available energy (Q value minus rest
energies of electron and anti-neutrino) is shared be-
tween the emerging electron and the accompanying
anti-neutrino [437].

Delayed gamma emission If the beta decay pop-
ulates an excited level in the daughter nucleus, this
nucleus decays in most cases by one or more gamma
transitions to their respective ground state, eventu-
ally further delayed by an isomeric state.

Delayed-neutron emission When the β Q value
of very neutron-rich fission fragments exceeds the
neutron separation energy, emission of delayed neu-
trons opens up as a possible decay channel. Delayed
neutrons play a major role in reactor control, and
many coordinated efforts have been undertaken to ex-
plain the complex characteristics, in particular in the
excitation-energy dependence, of the delayed-neutron
yields [438, 439, 440], but this problem is not yet
solved [441].
The GEF code follows the radioactive-decay

chains, calculates the cumulative yields17 and pro-
vides a list of delayed-neutron emitters with their
contributions to the delayed-neutron yields. The de-
cay tables of JEFF 3.1.1 are used. Figure 37 shows
calculated delayed-neutron yields in comparison with

17The cumulative yield Y(A,Z) of nuclide (A,Z) is the total
number of atoms of that nuclide produced over all time after
one fission.

experimental data for neutron-induced fission of dif-
ferent systems. The calculated curves show some sys-
tematic features:
(i) There is a more or less pronounced plateau at

low energies up to about 4 MeV. This plateau is
caused by the combined effect of increased prompt-
neutron emission, which tends to decrease the yields
of the most neutron-rich fragments, and the grad-
ual decrease of the odd-even staggering in the Z
yields, which tends to enhance the yields of odd-
Z fragments. Note that delayed neutrons are pre-
dominantly emitted from isotopes of odd-Z elements,
which have a systematically higher beta Q value.
Both effects tend to compensate each-other. The
plateau disappears, when the odd-even staggering in
the Z yields is switched off in the calculation. The
plateau is most pronounced for 232Th(n,f), which
shows the largest odd-even staggering in the fission-
fragment Z yields (see figure 30). It is absent in
odd-Z fissioning systems, for example in 241Am, be-
cause the odd-even staggering in the Z yields is much
smaller, except at large mass asymmetry [271].
(ii) Above this plateau, there is a fall-off, which is

most cleary seen in the case of even-N target nu-
clei. Often, this fall-off is attributed to the loss
of one neutron at the onset of second-chance fis-
sion [443, 444]. The mechanism becomes clear when
the energy-dependence of the odd-even effect in the
fission-fragment Z distribution is considered, which is
shown in figure 38: When second-chance fission sets
in, the odd-even staggering in the fission-fragment Z
distribution shows a peak. This effect is especially
strong for even-N target nuclei due to the high fis-
sion probability slightly above the fission barrier of
the even-N isotope that is formed after the emission
of one neutron in the case of an even-N target nu-
cleus. This reduces the relative yields of the odd el-
ements, which are predominantly responsible for the
delayed-neutron production.
(iii) Above about 6 to 7 MeV, there is a gradual

decrease of the delayed-neutron yield with increasing
energy of the incident neutron in all systems. This
gradual decrease is understood by the shift of the iso-
topic distributions towards less neutron-rich isotopes
by the increasing emission of prompt neutrons. It
is again partly compensated by the gradual reduc-
tion of the odd-even staggering in the contribution
from second-chance fission, in a similar way as in the
first plateau, thus reducing the slope of the energy-
dependent delayed-neutron yield in this region.

Figure 38: (Color online) Global odd-even effect
(Σ(Yeven − Yodd)/Σ(Yeven + Yodd)) in the fission-
fragment Z distribution of the system 239Pu(n,f) as
a function of the incident neutron energy from the
GEF code.
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Figure 37: (Color online) Probability for the emission of delayed neutrons for neutron-induced fission of
different systems as a function of the incident-neutron energy. Experimental data (full black symbols) from
Experimental Nuclear Reaction Data (EXFOR) [442] are compared with the result of the GEF code (version
Y2017/V1.2) (open red symbols, connected by red lines.)

Figure 39: (Color online) Beta-delayed neutron yields in the light fission-fragment group from neutron-
induced fission of 238U for different incident neutron energies on the chart of the nuclides, calculated with
the GEF code (version Y2017/V1.2). The radius of the symbol is proportional to the yield.

Figure 40: (Color online) Beta-delayed neutron yields in the heavy fission-fragment group from neutron-
induced fission of 238U for different incident neutron energies on the chart of the nuclides, calculated with
the GEF code (version Y2017/V1.2). The radius of the symbol is proportional to the yield.
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(iv) A bump appears in some cases near En=15
MeV, slightly above the threshold of third-chance fis-
sion. This structure may be connected with the high
fission probability slightly above the fission barrier
of the even-N isotope that is formed after the emis-
sion of two neutrons in the cases of an odd-N target
nucleus, but the mechanism is not clear.

From the comparison with the measured data, one
can deduce that the strong variation of the delayed-
neutron yield from system to system is fairly well
reproduced by the GEF code. The first plateau and
the fall-off show up rather clearly in the measured
delayed-neutron yields of all uranium isotopes and of
232Th. For 238U and 232Th, the GEF results also
show a clear fall-off, although it is not as pronounced
as in the data. Some indications for a fall-off are
also seen in the GEF results for 235U and 233U. The
data are too scarce, and they scatter too much, to pin
down the slope of the gradual descent above the fall-
off, but it seems that it is somewhat overestimated by
GEF. The measured data are also too scarce to ver-
ify the predicted bump at the onset of third-chance
fission, may be with the exception of 232Th, where,
however, this bump does not appear in the calcula-
tion.

A much more detailed documentation of the GEF
calculations is shown in figures 39 and 40, where the
contributions of the delayed-neutron emitters in the
light and the heavy fission-fragment group to the de-
layed neutron yield are shown on a chart of the nu-
clides for the system 238U(n,f). Evidently, the neu-
tron yields in the light group stay almost constant,
in contrast to the yields in the heavy group, which
decrease strongly with increasing excitation energy.
This different behavior is certainly caused to a great
part by the energy sorting, discussed in section 4.3.6,
which assures that the isotopic distributions in the
light fission-fragment group do not move when the ex-
citation energy varies. Only at the onset of second-
(or higher-chance) fission a slight shift is expected,
but obviously it does not have a noticeable effect on
the delayed-neutron yields. Figure 40 also reveals
a strong reduction of the contributions from even-Z
fragments to the delayed neutron yields with increas-
ing incident energy, which is most clearly seen in the
heavy fission-fragment group. This confirms the im-
portant role of the odd-even effect in producing the
plateau in the delayed-neutron yields below 4 MeV.

It seems that the GEF calculations come rather
close to understand the origin of the observed
structural features in the energy-dependent delayed-
neutron yields, although some quantitative devia-
tions show up. Two effects can clearly be identified
that strongly determine the evolution of the delayed-
neutron yields with increasing excitation energy in
the model: The odd-even staggering in the fission-
fragment yields and the shift of the fission fragments
towards less neutron-rich isotopes by prompt-neutron
emission. But also the growing yield of the symmet-
ric fission channel and other changes in the fission-
fragment yields have certainly some influence. It is
noteworthy that the cases, in which the sequence of
the plateau - fall-off - gradual decrease is least pro-
nounced in the GEF results, are those with the lower
total delayed-neutron yields. In these cases, the neu-
trons are provided by nuclei with low delayed-neutron
branchings. This gives rise to suspicion that the un-
certainties in the decay data may also play a role.

In the moment, the reason for the observed devi-
ations is not clear. It is also not so easy to adapt
the model in some way, because there are constraints
from other observables. For example, the measured

energy-dependent prompt-neutron multiplicities (see
figure 77 in [224]), TKE values (see figure 33) and
fission-fragment yield distributions (see figure 32) are
rather well reproduced by the model. Still, there are
no sufficiently accurate data available to pin down the
shape of the function that describes the excitation-
energy dependence of the odd-even staggering in the
fission-fragment Z distribution [494] due to the in-
ability for varying the excitation energy precisely in
a well defined way.
Already in previous theoretical considerations,

mostly the prompt-neutron emission [445, 446] and
the odd-even fluctuations in the fission-fragment
yields [447] were connected with the observed fea-
tures of the delayed-neutron yields. In GEF, all the
effects of the comprehensive description of the fission
process are included in a consistent way, as much as
they are known. The GEF model is able to reproduce
the prominent characteristics of the delayed-neutron
probabilities to a certain extent and to connect them
with certain features of the yields and the excita-
tion energies of the fission fragments, although the
delayed-neutron data were not yet exploited during
its development. There is good agreement in the ab-
solute values and their variation from system to sys-
tem, while the structures are at least qualitatively
reproduced. Thus, the complex features observed in
the energy dependence of the delayed-neutron yields
seem to be essentially understood. The key is the gen-
eral coverage of practically all fission oabservables by
the GEF model. GEF is certainly also well suited to
develop a more accurate quantitative description of
the delayed-neutron yield, which is consistent with
all other relevant observations, when the delayed-
neutron data are included in the further development
of the model.
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Figure 41: (Color online) Decay heat (thermal en-
ergy as a function of time, t∗f(t)) following a ther-
mal fission burst of 235U. The calculated decay heat
on the basis of fission-fragment yields from JEFF
3.3, JEFF 3.1.1, and ENDF/B-VII-beta are shown
together with experimental data. In addition, GEFY
Feb. 2018 denotes the calculated decay heat from
GEF fission yields (version GEF Y2017/V1.2). In
all cases, the JEFF-3.3 decay-data library was used.
The calculations were performed and the figure was
produced by Alexey Stankovskiy.

Decay heat Decay heat is the energy released by
beta decay, and β-delayed neutrons and gammas of
the fission products. It is the only source of heat
in the nuclear fuel rods after reactor shutdown [448].
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Knowledge of the amount and form of energy emitted
in the radioactive decays of fission products is critical
for the determination of safety procedures for nuclear-
power-plant operation and for the cooling of nuclear
fuel after an accidental or planned reactor shutdown.
The calculated decay heat following a thermal fis-

sion burst of 235U is shown in figure 41, using different
evaluated fission-fragment yields and compared with
experimental data. Apparently, the values based on
the GEF yields are rather close to the values based
on the evaluations. The parameters of GEF2017/1.2
were adjusted to the evaluated fission yields from
ENDF/B-VII. No specific adjustment to the mea-
sured decay-heat data was performed.

4.4.5 Correlations

The GEF model is unique in providing a global de-
scription of the complete fission process, in which all
features are described in a consistent way and linked
to each-other with all their interdependencies in full
detail. This is an important asset for advancing the
understanding of the fission process. This also en-
tails that the GEF model has the potential to revo-
lutionize the application of nuclear data for technol-
ogy by replacing completely separate or insufficiently
linked descriptions of specific features, which are ad-
justed independently to a small subset of observables
and which are often incompatible with each-other.
In particular, the presently used mostly technically
defined covariances or correlations between specific
fission observables [449, 450, 451] are supplemented
by correlations, which are defined by the physics of
the fission process, between any pair of fission quan-
tities. Correlations are also provided between fission
observables of different fissioning systems.

4.5 Other models

We have seen in the previous sections that the semi-
empirical GEF model covers almost all fission quan-
tities, starting from the fission probabilities, multi-
chance fission, pre-scission neutron emission, and
fission-fragment isotopic yields and kinetic energies,
to the statistical de-excitation of the fission frag-
ments, and, finally, to the delayed processes after beta
decay with all their correlations and interdependen-
cies. This assures that the different fission quantities
are consistent, which can have important impact on
the results. The self-consistent and the stochastic
models are much more restricted, but they are indis-
pensable for exploring specific fundamental problems
for example about the fission times or the shell ef-
fects in fission observables of systems in unexplored
regions. One may state that GEF covers all fission
phenomena that can be generalized: If one knows the
connected quantities for a certain number of systems,
one can conclude on their values for other systems
without the need for additional specific experimental
information.
However, this method has some limitations. In

particular, the resonances in the fission cross section
induced by low-energy neutrons and the sub-barrier
structure due to the coupling between states in the
first and the second well of the potential as a func-
tion of elongation cannot be generalized due to their
complexity. GEF can only provide a smooth aver-
age result. Also for the accurate calculation of the
prompt-gamma spectrum, in particular the contri-
bution from non-statistical gammas, the exact ex-
perimental knowledge of the spectroscopy of the fis-
sion fragments is required. In this case, GEF of-
fers an approximate solution with its improved VMI

(variable-moment-of-inertia) model, which, however,
has the advantage to provide rather good results also
for cases, where spectroscopic data are missing. In
the following, some dedicated models for these prob-
lems will be described that may be applied, if the
relevant experimental information is available. Their
main importance lies in the application for nuclear-
reactor technology.

4.5.1 Fission cross section

The nuclear fission cross section is highly fluctuat-
ing and finely structured. At energies below the fis-
sion threshold, resonances appear due to the cou-
pling between states in the first and the second,
and eventually in the third, minimum. In neutron-
induced reactions, which are most important for
nuclear-reactor technology, neutron resonances in the
neutron-capture cross section reflect the levels in the
compound system. They create a dense pattern of
resonances, which are separated up to a certain ex-
citation energy (in the resolved-resonance region).
They also influence the fission cross section in fis-
sile nuclei, in which the fission barrier is lower than
the neutron separation energy. At higher energies,
in the unresolved-resonance region, one still observes
fluctuations. Only at even higher energies, in the con-
tinuum region, where the levels overlap, the capture
cross section varies smoothly as a function of neu-
tron energy. Moreover, the transition states above
the saddle points create a pattern in the fission cross
section at energies slightly above the saddle energies.
Structures in the fission cross sections appear again
around the onset of first- and higher-chance fission,
due to the fissioning nuclei that proceed to fission at
energies close to their fission barrier.

Much effort has been invested into the accurate de-
scription of the nuclear fission cross section with all
its complexity [98, 99, 100, 101, 102, 103, 104, 105,
106, 107, 108]. In any case, these models rely on a
tremendous number of parameters that have to be
deduced from experimental data, to a great part for
each single system independently. These are very ac-
curate parameters that define (i) the heights of the
fission saddles, the depths of the minima and the cor-
responding potential curvatures to deduce the trans-
mission, considering the energies of the states in the
second (and eventually also in the third) minimum,
(ii) the parameters of the R-Matrix theory [452] that
define the resonance energies, and (iii) the energies
and other properties of the transition states above the
saddle points, and several other parameters. Several
model codes contain very elaborate model descrip-
tions that are able to reproduce the complex data
very well, for example the GNASH code [453], the
CCONE code [454], the EMPIRE code [455], the
CHO code [456], the TALYS code [457], and the
CONRAD code [458]. Some of the recent develop-
ments for the description of the fission cross section
are improved phenomenological optical-model poten-
tials for neutrons and protons with incident energies
from 1 keV up to 200 MeV [459], the development of
a model for the transmission through a triple-humped
fission barrier with absorption [455], the parametriza-
tion of the threshold behavior near the fission bar-
rier by an effective barrier distribution, the extrac-
tion of an effective purely experimental fission bar-
rier, and an heuristic model of resonant transmis-
sion in [107], and the extraction of one-dimensional
fission barriers from potential-energy surfaces calcu-
lated with macroscopic-microscopic models to obtain
fission transmission coefficients that can be used in a
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Hauser-Feshbach model in [458].

4.5.2 Fragment de-excitation

Most part of the excitation energy of the fission frag-
ments is liberated by the evaporation of light parti-
cles. Because the fragments emerging from the fission
of nuclei close to beta-stability are very neutron-rich
with respect to beta stability, these are almost exclu-
sively neutrons. The energy spectra of these neutrons
as well as their multiplicity belong to the most impor-
tant nuclear data for the design and the operation of
nuclear-fission reactors. The modeling of the energy
spectra, and to some extent, also the modeling of
the prompt-neutron multiplicities, starting from an
empirically deduced information on the excitation-
energies of the fragments and some additional ad-hoc
assumptions, e.g. about the division of the excita-
tion energy between the two fragments, has a long
tradition.

One of the first widespread descriptions of the
prompt-neutron spectrum was introduced by Watt
[460]. He proposed a closed formula, deduced from
a Maxwell-type energy spectrum from one or two
average fragments and the transformation into the
frame of the fissioning system with at least two ad-
justable parameters: the temperature and the veloc-
ity of the average fragment. The Los-Alamos model
[329] extended this approach essentially by the use
of a triangular temperature distribution of the frag-
ments to a four-term closed expression for an aver-
age light and an average heavy fragment. A simi-
lar two-fragment model was also used by Kornilov
et al. in [461]. In 1989, Madland et al. [462] in-
troduced the point-by-point model by considering
the emission from all individual fragments, speci-
fied by Z and A. This model was further developed
e.g. by Lemaire et al. [463], Tudora et al. [464] and
Vogt et al. [465]. In Refs. [466, 467, 468, 469], the
spectral shape was parametrized by the Watt for-
mula [460] or an empirical shape function that had
been introduced by Mannhart [470] in order to bet-
ter model the shape of the neutron energy spectra
in the fragment frame. Kornilov [471] proposed a
phenomenological approach for the parametrization
of a model-independent shape of the prompt-neutron
spectrum. This approach was later also used by
Kodeli et al. [472] and Maslov et al. [473]. Recent re-
finements of the Los-Alamos model were proposed in
Ref. [223]. These are (i) separate contributions of the
(average) light and the (average) heavy fragment to
the prompt-neutron emission, (ii) departure from sta-
tistical equilibrium at scission, (iii) separate nuclear
level densities for the fragments, and (iv) center-of-
mass anisotropy in the angular distribution.

The Watt model [460] and the Los-Alamos model
[329] are directly fitted to the measured prompt-
neutron spectrum, while the point-by- point model
[462] is based on the measured A-TKE distribution.
Manea et al. [474] proposed a scission-point model
that provides the TKE(A) distribution, in order to
allow for calculations of prompt-neutron spectra with
the point-by-point method, if only the mass distribu-
tion is known.

Recently, several models are being developed that
treat the statistical de-excitation of the fission frag-
ments by prompt neutrons and prompt-gamma radia-
tion in a more elaborate way, partially by the Hauser-
Feshbach formalism. We mention here MCHF [215],
CGMF [217], FIFRELIN [219], and FREYA [220,
221]. A special feature of these models is the most ac-
curate reproduction of the prompt-gamma spectrum,

in particular the peak structure at low gamma ener-
gies, mostly produced by the non-statistical gammas
emitted at the end of the gamma de-excitation cas-
cade based on detailed tables of experimental spec-
troscopic information of the fission fragments.

5 Discussion and outlook

After the detailed report on the different activities in
fission research, we will try to give an assessment of
the status and the most important achievements that
have promoted the understanding of nuclear fission
during the last years. This will lead to an outlook on
the developments to be expected in the near future
and on the challenges to be tackled.

5.1 Status of microscopic theories

There is no doubt that microscopic theories are in-
dispensable for a deeper understanding of the fission
process. But in spite of considerable progress and
many important results, the theoretical description of
the fission process with dynamical microscopic mod-
els is still very difficult, because the most advanced
models in nuclear physics that have been developed
for stationary states in heavy nuclei [475], for exam-
ple modern versions of the interacting shell model or
effective field theories of quantum chromodynamics
[476], are not readily applicable to the decay of a
meta-stable state. Intense efforts are presently made
to develop suitable theoretical tools, see Ref. [80] and
section 4.1. Another difficulty arises from technical
limitations. Still, the application of the most ad-
vanced models that are based on classical stochas-
tic or self-consistent quantum-mechanical methods is
heavily restricted by their high demand on computer
resources. In this section, we list some of the most im-
portant conceptual and technical challenges to which
these theories are confronted.

5.1.1 Restrictions by limited computer re-

sources

Number of relevant degrees of freedom:

For the microscopic quantum-mechanical approaches
based on TDGCM and for classical stochastic mod-
els, the number of relevant degrees of freedom that
are presently explicitly treated is insufficient for a
realistic dynamical calculation of the fission process
and for covering the full variety of fission observables.
In these microscopic models and in the stochastic
models, the number of relevant degrees of freedom
is presently limited to two, respectively four or five,
in the most advanced approaches. The success of the
random-walk approach of Randrup, Möller et al. in
a five-dimensional deformation space [17] in repro-
ducing the mass distributions of a great number of
fissioning systems seems to indicate that the num-
ber of relevant degrees of freedom is very important
for obtaining realistic fission-fragment distributions.
Their model allows for fully independent shapes of
the two nascent fragments. This elaborate feature
seems to be more important than the restrictions
to a comparably simple handling of the dynamics,
assuming over-damped motion and using Metropo-
lis sampling, as long as fission-fragment mass distri-
butions are concerned. However, the calculation of
other fission quantities, like the charge polarization
(N/Z degree of freedom), fission-fragment excitation
energies or their angular momenta requires includ-
ing an extendet set of relevant degrees of freedom.
Recently, the charge polarization degree of freedom
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has already been included [54]. Progress is expected
to come gradually by the continuous development of
computer technology.
In the TDDFT approach (e.g. [67]), the need to

construct collective variables, potential energy sur-
faces and the corresponding mass tensor as a pre-
requisite for the dynamical calculations is obviated.
Only the starting point of the TDDFT calculation in
terms of suitably chosen constraints on the potential-
energy surface needs to be determined, as discussed in
section 4.1. Thus, the above-mentioned restrictions
are overcome. However, this advantage is payed by a
considerably increased computational cost which lim-
its the applicability presently essentially to the cal-
culation of most probable fission quantities and a few
very specific problems.

Neglect or approximate treatment of effects

beyond mean field: Another class of difficulties
arises from effects beyond mean field in microscopic
quantum-mechanical models. Handling of many-
body dynamics is very difficult, and, thus, there is
put much effort in developing suitable approximate
algorithms that do not demand too much computer
resources (see e.g. [285]). Questions, how well the
physics is still represented, must be answered.

5.1.2 Problems in determining the potential-

energy surface

For the self-consistent microscopic approaches (see
section 4.1) and for the stochastic models (see sec-
tion 4.2), the calculated potential energy in the space
defined by the relevant degrees of freedom is the
basis for the dynamical calculation of full distribu-
tions of fission observables. There are several difficul-
ties associated with the determination of this multi-
dimensional potential-energy surface.
Usually, in stochastic models a shape parametriza-

tion is used, and the potential-energy is calculated
with the macroscopic-microscopic approach. In this
case, only a restricted class of shapes can be realized.
This means that the calculated potential energy is
an upper limit of the optimum potential that the nu-
cleus can adopt. The deviations can be reduced by
increasing the dimension of the deformation space.
However, as said before, the tractable number of rel-
evant degrees of freedom, in particular in a dynamical
calculation, is restricted due to the limited computing
resources as seen in section 5.1.1.
When the potential energy is determined self-

consistently with constraints on some degrees of free-
dom, this is a safe method to find the optimum shape.
However, the optimum shape is determined indepen-
dently on the different grid points defined by the con-
straints. This can lead to discontinuities in the shape
evolution from one grid point to the next one, be-
cause one or several of the degrees of freedom that
do not belong to the ones explicitly considered may
take very different values. This means that the ”real”
nuclear potential may have a ridge that is not visi-
ble in the calculation [293, 76]. Again here, a small
number of dimensions aggravates the problem.
A similar problem arises when in the case of a shape

parametrization, generally used in stochastic models,
an optimization with respect to additional shape de-
grees of freedom is performed individually on each
grid point that do not belong to the degrees of free-
dom explicitly considered in the dynamic calculation
[366].
It is important to control the effect of such prob-

lems on the result of the dynamical calculation, if

they cannot be avoided. The appearance of such
problems can be detected by local unphysical fluctu-
ations [293] in the calculated potential-energy land-
scape. It can be reduced by an optimum choice [302]
and by increasing the number of relevant shape pa-
rameters.

As mentioned before, this problem does not exist
when the TDDFT is used to compute the dynamical
evolution of the nucleus from an initial point beyond
the second fission barrier up to scission [67, 94], be-
cause the shape of the system develops freely in a
self-consistent way without any constraint.

5.2 Aspects of statistical mechanics

Most of the models applied to nuclear fission con-
sider aspects of statistical mechanics only by global
properties of the degrees of freedom that are treated
as an environment. This is, firstly, the level density
of the fissioning system and, secondly, dissipation by
the coupling between the relevant degrees of freedom
and the environment. Phenomena that are connected
with the energy transfer between subsystems of the
environment as described in section 4.3.6 are most
often not considered.

At present, stochastic models are able to treat dis-
sipation by global descriptions of one-body [477, 478]
and two-body [309] mechanisms and to include the
effects of pairing correlations and shell effects on the
transport coefficients and the level density for deter-
mining the heat capacity of the environment and for
deriving the driving force of the fission dynamics [82].

Self-consistent quantum-mechanical models over-
came the restriction to adiabaticity only recently and
started to develop methods that enable considering
quasi-particle excitations on the fission path [14] and
one-body dissipation by the fast shape changes at
neck rupture, e.g. [46].

Energy exchange between the nascent fragments
[11] or even the competition between quasi-particle
excitations in the neutron and proton subsystems
[479] of the fragments were only considered in dedi-
cated approaches. However, for an understanding of
the division of excitation energy between the frag-
ments or the odd-even effect in fission-fragment nu-
clide distributions, the explicit consideration of the
two environments in the two nascent fragments and
their interaction is indispensable.

Preliminary results about these rather complex fea-
tures of statistical mechanics with simplifying as-
sumptions were already obtained. These concern the
phenomenon of energy sorting [11] and global fea-
tures of the odd-even staggering in fission-fragment
Z distributions [51].

The division of excitation energy between the frag-
ments has recently attracted quite some attention.
The energy dissipated separately in the individual
nascent fragments on the fission path was estimated
by Mirea [15] and compared with the experimental
data. The division of excitation energy between the
fragments induced at neck rupture was studied in the
sudden approximation [23]. An interesting attempt
to study the energy partition between the fragments
with a microscopic self-consistent approach has been
performed in Ref. [21] by considering spatially local-
ized quasi-particles in a frozen scission configuration.
The dominant role of statistical mechanics, and par-
ticularly the assumption of statistical equilibrium in
the division of heat between the nascent fragments
before scission that is made in refs. [11, 224], is ques-
tioned [21] or criticized [67] by several authors. But
the remarkable experimental result of Ref. [403] that
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an increased initial excitation energy of the fission-
ing system is found in the heavy fragment, while the
neutron multiplicity of the light fragment stays un-
changed, has not yet been addressed by microscopic
models. This is also true for the complex features
of the odd-even effect in fission-fragment Z distri-
butions, which is also successfully described in the
framework of statistical mechanics in Ref. [51].

5.3 Systematics and regularities

In section 4.3 we presented the combinations of sev-
eral empirical observations and powerful theoretical
ideas as a basis of the GEF model. They go well
beyond purely empirical descriptions, because they
do not only reproduce experimental data with a high
accuracy, but, due to their theoretical basis and the
relatively small number of adjustable parameters that
describe all systems with identical values, they are
also expected to provide reliable predictions for a
large variety of fission quantities for a wide range
of nuclei for which no experimental data exist. In
particular, it was demonstrated in section 4.4 that
the results of GEF agree very well with very differ-
ent experimental data that have not been used to fix
the parameters of the GEF model. The GEF model
code [224] that exploits these ideas pursues the tra-
dition of former inventive ideas like the macroscopic-
microscopic model [294] and the concept of fission
channels [240] and, partly, makes directly use of
those.

The relationship between GEF and microscopic fis-
sion models may best be illustrated by recalling the
role of the liquid-drop model in the development of
nuclear mass models, although the dynamical fission
process is much more complex than the static proper-
ties of a nucleus in its ground state. For a long time,
purely microscopic models were not able to attain
the accuracy of the liquid-drop model in reproduc-
ing the macroscopic nuclear properties. Only very
recently, the accuracy of fully microscopic and self-
consistent models became comparable with the ac-
curacy of macroscopic-microscopic models [480, 481].
While the powerful basic relations of the liquid-drop
model follow directly from the theoretical assump-
tion of a leptodermous system, the parameter val-
ues were determined by an adjustment to experimen-
tal masses and other nuclear properties. Only mi-
croscopic models were able to relate the values of
these model parameters to the properties of the nu-
clear force [482]. Remembering this analogy clarifies
that GEF is not intended to compete with micro-
scopic models, although it is presently better suited
as far as the use for applications is concerned. On the
contrary, both approaches may be considered to be
complementary for extracting physics. In particular,
the semi-empirical GEF model helps to uncover reg-
ularities that are not directly evident from the fission
observables and to recognize the physics content of
some systematic trends in the data.

5.4 Uncomprehended observations

Beyond the general inability of theory in explaining
many facets of the nuclear-fission process, there are
some specific observations that seem to contradict
well established knowledge. In the following, we will
present one of those cases that we believe to be among
the most striking ones.

5.4.1 Dominance of ”magic” proton numbers

in fission-fragment distributions

The success of the GEF model [224] in reproducing
the fission-fragment mass distributions from the fis-
sion of actinides by a statistical approach, assum-
ing universal fragment shells superimposed on the
macroscopic potential, is already a remarkable re-
sult. Even more striking is the constancy of the
mean number of protons in the heavy fragment of
the contributions from the asymmetric fission chan-
nels standard 1 and standard 2 over all systems in-
vestigated until now [269]. In particular for the stan-
dard 2 fission channel, this finding seems to be in
contradiction to the results of Strutinsky-type calcu-
lations [483] within the macroscopic-microscopic ap-
proach performed by Wilkins, Steinberg and Chas-
man [244] who attributed this dominant asymmetric
fission channel in the actinides to a shell at large de-
formation in the neutron subsystem at N = 88. The
deformation of about β = 0.6 that they found in their
calculations is consistent with the neutron multiplic-
ity observed in the heavy fragment. These calcula-
tions did not provide any evidence for a proton shell
at Z = 55 that one might suspect to be responsible
for the fixed mean number of protons found in the
experiment. Other systematic Strutinsky-type calcu-
lations performed by Ragnarsson and Sheline [484]
yielded similar results.

Until present, Randrup, Möller et al. [31, 153]
performed the most extended systematic calcula-
tions of the fission-fragment mass distributions for
a large number of fissioning systems with the Brow-
nian Metropolis shape-motion treatment. In a recent
study, the mean number of protons in the heavy frag-
ment has been investigated in dedicated calculations
[88] for a series of uranium isotopes (234U, 236U, 238U,
and 240U), and the experimental results, available for
234U, 236U, and 238U, were rather well reproduced.
This model has the potential to shed some light on
the prevalence of proton or neutron shells, because it
is able to explicitly calculate the neutron shell-plus-
pairing corrections and the proton shell-plus-pairing
corrections. However, Ref. [88] does not give any de-
tailed information on this question. Furthermore, it
is difficult to establish a relation to the hypotheti-
cal role of the fragment shells assumed in the GEF
model [224], because the fission channels standard 1
and standard 2 are not distinguished in [88].

One might imagine a number of reasons for the ob-
servation of a nearly constant number of protons in
the heavy fragment of the asymmetric fission channels
under the assumption of the decisive role of fragment
shells. Some possible explanations could be (i) that
the relation between the size of a shell-stabilized pre-
fragment and the size of the final fragment is not so
strict, for example by a variable division of the num-
ber of nucleons in the neck at scission, or (ii) that
the Strutinsky-type calculations of Refs. [244, 484]
are not realistic and miss a proton shell near Z =
55 at large deformation. In this context, we would
like to remind the observation of a mutual support
of magicities in the surrounding of spherical doubly-
magic nuclei [485], because it violates the indepen-
dence of shell effects in the neutron and proton sub-
systems. A similar effect in deformed nuclei may be
expected. May be, the position of a shell in proton
or neutron number even moves as a function of the
number of nucleons of the other kind. However, such
an effect is not observed in the case of some local
stabilizations by neutron shells at N = 152 (see e.g.
[361]) and N = 162 (see e.g. [237]), which are stable

46



in neutron number over several elements.

In any case, the almost constant number of protons
in the heavy fragment, found in the contribution of
the most important asymmetric fission channels in
the actinides, is a very intriguing observation that
asks for a deeper understanding. Interesting enough,
the position of the shell in the light fragment to which
the double-humped mass distributions in the lead re-
gion are tentatively attributed shows the same fea-
ture, see section 4.3.5.

5.5 Modeling of fission dynamics

In section 4, the different approaches and their meth-
ods of modeling fission dynamics have been described
separately. In this section, we would like to make
a survey on the strengths and the limitations of
each of these methods for treating fission dynam-
ics in a comparative consideration. We will dis-
cuss the time-dependent density-functional theory
(TDDFT), the time-dependent generator-coordinate
method with the Gaussian overlap approximation
(TDGCM-GOA), and stochastic models. Finally, we
will also have a short view on the semi-empirical GEF
model.

TDDFT provides the most elaborate modeling of
the shape evolution of the fissioning system. It al-
lows for all kind of shapes without any constraint,
and, thus, all collective degrees of freedom (CDOF)
are included. All shapes are allowed, and the nucleus
chooses dynamically the path in the shape space. The
forces acting on nucleons are determined by the nu-
cleon distributions and velocities, and the nuclear sys-
tem naturally and smoothly evolves into separated
fission fragments. It was found that the strong energy
exchange between a large number of CDOF slows
down the rolling down towards scission and leads to
a very long fission time [67]. One could say that
the collective degrees of freedom are strongly cou-
pled between each-other and form a kind of special
heat bath, not in equilibrium with intrinsic excita-
tions. As discussed in section 4.1, one-body dis-
sipation and some quasi-particle excitations are al-
ready included in TDDFT. The authors of Ref. [67]
state that extensions of the present approach to two-
body observables18 (fission-fragment mass, charge,
angular momenta, and excitation-energy distribu-
tion widths) are rather straightforward to implement,
and, eventually, stochasticity of the mean field could
be introduced. However, those calculations are still
very much hampered by the immense demand on
computer resources, severely aggravated by the fact
that distributions of fission quantities are constructed
by accumulating the results of many fission events
(Monte-Carlo method) [94].

In TDGCM-GOA, the dynamics is calculated on
a potential-energy surface, presently spanned by two
collective parameters (for example two multipole mo-
ments). Shapes and binding energies are calculated
independently for the different points of the potential-
energy grid. This makes it unpractical to handle en-
ergy transfer between the different shape degrees of
freedom or excitations of collective modes. Moreover,
it is necessary to impose a scission configuration with
a somewhat arbitrarily defined criterion. In addition,
the presently available calculations assume adiabatic-
ity. The inclusion of dissipation, leading to intrin-

18According to [67], these observables cannot be determined
properly by considering only one-body interactions (the inter-
action of independent nucleons with the common potential).
Also two-body interactions (interactions between two nucle-
ons) must be included.

sic excitations (single-particle or quasi-particle exci-
tations) is just being developed.

An elaborate consideration on the prospects and
the limitations of the different self-consistent ap-
proaches has been formulated by Bulgac [486].

Advanced stochastic models calculate the dy-
namics on a potential-energy surface, spanned by
presently up to five dimensions. Like in the TDGCM-
GOA method, the binding energies are calculated in-
dependently for the different points of the potential-
energy grid. Due to the shape parametrization, only
few of the collective degrees of freedom are included.
Therefore, it is again unpractical to handle excita-
tions of all collective modes and direct energy transfer
between different CDOF. Intrinsic degrees of freedom
are included via a representative heat bath with a cer-
tain temperature. The heat bath introduces stochas-
tic fluctuations in the trajectory in the collective-
coordinate space. It is also the most effective mean
for (indirect) transfer of energy from one CDOF to
another one. Note that this scenario does not agree
with the direct coupling between collective degrees of
freedom found in TDDFT [67].

In the GEF model, excitations of collective and
intrinsic degrees of freedom are included only in an
effective way by temperature values of the relevant
environment. Depending on the coupling strengths
between intrinsic and collective degrees of freedom,
or between collective degrees of freedom alone, this
could be the temperature of the heat bath that rep-
resents the intrinsic degrees of freedom, like in the
stochastic models, or it could be the average energy
per collective degrees of freedom, which is suggested
by TDDFT. GEF may act as a bridge between micro-
scopic models and empirical information, by the val-
ues of the temperature parameters that describe the
population of the normal oscillators or the widths of
the distributions of the respective fission quantities,
see equations (8) and (9). GEF is presently the only
model that explicitly considers the heat transfer be-
tween the nascent fragments as a collective degree of
freedom.

Obviously, the different models are presently either
not yet applicable or conceptually unable to treat all
aspects of fission dynamics. TDDFT is the only ap-
proach that includes all collective degrees of freedom.
However, it is still under development in many as-
pects and generally very much hampered by the high
demand on computer resources. TDGCM − GOA
is unpractical in handling excitations of all collective
degrees of freedom and lacks inclusion of all kind of
intrinsic excitations. Stochastic models handle the
coupling between collective and intrinsic excitations
in the most simple and most practical way. However,
the excitation of collective degrees of freedom is very
restricted, and the assumption of thermal equilibrium
between collective and intrinsic degrees of freedom is
a strong and probably wrong assumption. The GEF
model contributes with the idea that the heat storage
should be considered separately for the two nascent
fragments. This emphasizes that the aspects of sta-
tistical mechanics should be taken into account in a
realistic modeling of the fission process.

5.6 Theoretical needs

In this review, many restrictions of the different the-
oretical approaches to nuclear fission were quoted. In
the following, we summarize the expected evolution
of fission theory to satissfy the main identified needs.
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5.6.1 Extending the relevant degrees of free-

dom

With the progress in computer technology, the cor-
responding restrictions will gradually become less se-
vere. First of all, this will allow extending the num-
ber of relevant degrees of freedom in stochastic and
the microscopic quantum-mechanical models that ex-
plicitly use a potential-energy surface. For exam-
ple, it will become customary that the shapes of the
two nascent fragments are allowed to evolve indepen-
dently, and the charge polarization will routinely be
considered. These developments are important for
handling fission-fragment distributions in a more re-
alistic way and fully specified in mass and atomic
number [54].
Moreover, progress is needed to clarify the pro-

cesses that are responsible for the generation of angu-
lar momentum of the fission fragments and the even-
tual generation orbital angular momentum [487], as
well as the evolution of the projection of the total
angular momentum onto the symmetry axis of the
fissioning nucleus [488]. Also the excitation of other
collective modes that are already subject of dedicated
theoretical considerations and some stochastic calcu-
lations may be studied by microscopic models.
There are strong arguments that the intrinsic and

the collective degrees of freedom of the environment
form separate thermodynamical units with different
temperatures [242, 67]. Furthermore, it appears to be
mandatory for describing the heat transport between
the nascent fragments that the part of the environ-
ment, which comprises the intrinsic degrees of free-
dom, is divided into two parts, belonging to one and
the other fragment. The properties of these partial
environments should be treated separately, and their
interaction should be considered.

5.6.2 Effects beyond mean field

More powerful computing resources may also allow
to apply more realistic treatments of effects beyond
mean field than those that are manageable at present,
see section section 4.1.

5.6.3 Dissipation

While dissipation, the coupling between the rele-
vant degrees of freedom and the environment, is an
inherent part of stochastic approaches, microscopic
quantum-mechanical models are originally restricted
to adiabatic processes. Algorithms for considering
dissipative processes are presently being developed,
for example by explicitly including the first quasi-
particle excitations [14] or by representing the heat
bath of stochastic models by a large number of iden-
tical quantum oscillators [489] (independent oscilla-
tor model [490]). There is great interest to develop
more realistic and more complete representations of
the environment that better reflect the complex nu-
clear properties.

5.6.4 Evolution from the mononuclear to the

di-nuclear regime

The gradual transition from the mononuclear to the
di-nuclear regime of two nascent fragments that are
coupled by the neck manifests itself in several ways:
The early predominance of fragment shells seems to
be well established [238, 357], but also the localiza-
tion of quasi-particles in the two fragments [414] and
the increase of the congruence energy [491] need to
be better understood. The increase of the pairing

gap is also expected to evolve gradially during the
fission process. The odd-even staggering of the fis-
sion barrier demonstrated in section 4.3.1, which is
not correctly reproduced by theoretical models, e.g.
[353], can be understood as a sign for the shape de-
pendence of the pairing gap.

5.6.5 Neck rupture

The realistic modeling of the violent processes around
scission is very demanding for the treatment of collec-
tive dynamics and the induced intrinsic and collective
excitations. In principle, TDDFT masters this prob-
lem to some extent, but the calculation of the corre-
sponding fission observables like the odd-even effect
in fission fragment Z distributions or the generation
of fragment angular momentum, is not yet possible.
Progress in self-consistent modeling of quantum local-
ization and other processes around neck rupture is ex-
pected to improve the understanding of the instabil-
ities at neck rupture and their effect on different ob-
servables like the odd-even effect in fission-fragment
Z distributions and in the kinetic energies or the an-
gular momenta of the fission fragments.

5.6.6 Combination of different approaches

Progress in the modeling of nuclear fission may
also evolve from exploiting the strengths of meth-
ods from different approaches. For example, elab-
orate stochastic models provide the technical tools
for handling dissipation, which is directly considered
in the Langevin equations by the friction tensor and
the fluctuating term. Even more, the driving force
TdS/dq is essentially determined by the derivative
of the entropy, a quantity that is primarily a prop-
erty of the environment. It was mentioned that the
microscopic models do not treat fully quantum me-
chanically intrinsic and collective degrees of freedom
and their coupling. But without considering in some
way the environment that creates driving force, fric-
tion and fluctuations, a realistic description of the
dynamics is not possible. A solution could be to
use quantum-mechanical considerations for estimat-
ing the mass tensor [61], the full friction tensor and
the dependence of the entropy on the relevant de-
grees of freedom, including the excitation energy, and
to perform the dynamical calculation with a stochas-
tic approach. A step in this direction has already
been made [78]. However, the Langevin equations are
based on the assumption that all degrees of freedom
of the environment form a heat bath, that means that
they are in statistical equilibrium at every moment.
This is probably not always a realistic assumption,
and it might be necessary to take this into account.
The transformation of energy and the transport of

heat between different subsystems during the fission
process are genuine problems of statistical mechanics.
It would be a great progress if considerations of statis-
tical mechanics could be introduced into microscopic
quantum-mechanical approaches in some manageable
way.
The observation of gradual systematic variations

of the fission quantities along a series of neighbor-
ing nuclei may be exploited to increase the accuracy
of microscopic models that treat each fissioning sys-
tem independently with its own technical uncertain-
ties that are inherent, for example in the shell effects
determined with the Strutinsky procedure or in the
potential energy determined in a restricted deforma-
tion space, discussed in section 5.1.2.
One may also extend the validity range of semi-

empirical approaches like the GEF model, which cov-
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ers a considerable variety of fission quantities, if one
succeeds in deriving the justification for some approx-
imations of the GEF model as well as for the values
of the model parameters on a microscopic basis.

5.7 Experimental needs

In the field of nuclear fission, a process that is still so
far from being fully understood, it is not possible to
give a list of most important missing experimental in-
formation. One should be prepared for surprises and
for new problems to emerge when new data come up.
However, some general rules may be given. It is cer-
tainly beneficial to cover a range as wide as possible in
the choice of the fissioning system in terms of nuclear
composition (Z and A), excitation energy and angu-
lar momentum. The angular momentum dependence
can be investigated by forming the same fissioning
nucleus with different reactions. Moreover, the cov-
erage of fission observables should be as complete as
possible, and they should be measured with a resolu-
tion as good as possible with as many quantities as
possible in coincidence.
In the following, we will illustrate the relevance of

the rules mentioned above by reminding the progress
brought about by some specific experimental infor-
mation or the open questions that could be answered
by new measurements.

5.7.1 Wide coverage and precise definition of

initial excitation energy

Distinguishing different fission chances: At
energies that are above the threshold for multi-chance
fission, the fission fragments are emitted from a wide
range of excitation energy. Up to third-chance fission
(the fission after the emission of two neutrons), step-
like structures can be observed in the fission cross
section. These carry some information on the dif-
ferent contributions. However at higher intial excita-
tion energies, these data do not provide unambiguous
information on the evolution of the fission-fragment
mass distributions and the fission probabilities. The-
oretical estimates have a large margin of uncertainty
[329, 492]. See in particular figure 27 of Ref. [492],
where the uncertainty of the relative weights of the
different fission chances are demonstrated. Further
development of suitable differential techniques [493]
to distinguish the fission events from different fission
chances would improve the experimental knowledge
on the washing out of shell effects in the fission prob-
ability and in the fission-fragment production with
increasing excitation energy at fission.
Valuable information on multi-chance fission can

also be deduced from the relative number of neu-
trons emitted before and after fission, or more exactly
before and after passing the fission barrier. How-
ever, measuring the number of neutrons emitted from
the fully accelerated fragments, which is easily deter-
mined by a multi-source fit of the prompt-neutron an-
gular distribution, is not significant, because neutrons
emitted from the first minimum cannot be distin-
guished experimentally from those emitted between
barrier and scission.

Energy dependence of odd-even effect in dif-

ferent observables: The experimental informa-
tion available at present about the decrease of the
odd-even effect in fission-fragment Z distributions
with increasing initial excitation energy has been ob-
tained with relatively broad excitation-energy distri-
butions, e.g. by bremsstrahlung-induced fission [494],

or by electromagnetic-induced fission at relativistic
energies [270]. First results on the energy dependence
of the odd-even effect in fission-fragment N distribu-
tions has only been deduced very recently by compar-
ing new data from electromagnetic-induced fission at
relativistic energies [115] with results from thermal-
neutron-induced fission, see section 3.3. The determi-
nation of the energy-dependent odd-even staggering
in fission-fragment Z and N distributions, total ki-
netic energies and other observables would certainly
help to better understand the influence of pairing cor-
relations on the fission process.

5.7.2 Extended systematic coverage of fis-

sioning systems

Shell structure in fragment distributions

around A = 200: The observation of a double-
humped mass distribution in the fission of 180Hg
[248] drew the attention to the appearance of struc-
tural effects in the fission of lighter fissioning nuclei
(A < 210). In spite of intense experimental effort,
a comprehensive overview on mass distributions in
low-energy fission of these nuclei could not yet be es-
tablished. The most efficient method to provide a
wide systematics of fission-fragment distribution for
fission from energies in the vicinity of the fission bar-
rier of neutron-deficient systems over a large mass
range is the electromagnetic-induced fission of rel-
ativistic projectile fragments that is presently used
by the SOFIA experiment [191]. This approach will
even provide nuclide distributions, fully separated in
A and Z, which allow a much better characterization
of the fission process than mass distributions with
limited resolution obtained from direct-kinematic ex-
periments. New experimental results are urgently
awaited.

Fragment distributions for long isotopic

chains: The evolution of fragment mass distribu-
tions is of great interest for two reasons: Firstly, it
will help to better estimate the mass distributions
from the fission of very neutron-rich nuclei on the
astrophysical r-process path. This information is ur-
gently needed for simulating the nuclide production
in the r-process. Secondly, the position of the mean
Z in the heavy component of the asymmetric fission
channels could be followed over a larger range. This
could help to better understand the mechanism be-
hind the surprisingly almost constant mean Z values
in the heavy components of the fission-fragment dis-
tributions for actinides and the weak variation of the
proton number of the light peak from fission in the
lead region.

5.7.3 Correlations of as many observables as

possible

The few data on the variation of the mass-dependent
prompt-neutron multiplicities as a function of initial
excitation energy are presently the only rather direct
experimental evidence for the energy-sorting process
(see section 4.3.6). This illustrates the importance of
multi-parameter experiments for discovering new fea-
tures of the fission process. This concerns for exam-
ple identification of fission fragments in A and Z and
measurement of their kinetic energies, multiplicities
and energies of prompt neutrons and prompt gam-
mas. In general, such data will provide important
constraints on the modeling of fission.
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5.8 Possible scenario of the fission

process

5.8.1 Proposed scenario

On the basis of a synthetic view of experimental in-
formation and of the different theoretical approaches
and ideas, we propose a possible scenario of the
nuclear-fission process. The following description is
rather comprehensive in covering the whole fission
process, but not complete in all details.
We consider a system that starts from a configu-

ration in the first minimum with a certain excitation
energy E∗ above the ground state. On the way to
fission, the excited nucleus has first to cross the fis-
sion barrier, which has a height of at least 3 MeV for
the nuclei considered in this work. In this case, the
passage of the barrier is governed by the following
characteristics: Let us first consider the evolution of
the intrinsic excitation energy E∗ (or the entropy S,
which is strictly connected to E∗ in case of stastistical
equilibrium among the intrinsic degrees of freedom).
If the entropy is preserved, the system can proceed
to fission only by tunneling through the fission bar-
rier. Tunneling through the whole barrier is strongly
hindered by a factor of roughly 10−15 or more [361].
Therefore, it is very probable that the system con-
verts part of its excitation energy into deformation
energy in order to pass the barrier without tunneling,
if the initial excitation energy allows it. The density
of transition states above the saddle (or above the
inner saddle in the case of a multi-humped barrier)
is lower by a factor of about exp(−3/T ) = 0.0025
(using a typical value of T = 0.5 MeV for A ≈ 200
[384]) or smaller, compared to the density of states in
the first minimum. According to the transition-state
model [495], the probability is very high (> 0.9975)
that the single-particle configuration of the system
changes, before the system reaches the saddle. There
is no preference in populating any state at the bar-
rier with the suitable energy, angular momentum and
parity. Therefore, the distribution of transition states
accumulated over a large number of fission events
corresponds to statistical equilibrium of the system
at the given energy [362]. This means that there is
no memory on the initial state in which the system
was formed in the first minimum, or on any state be-
fore reaching the outer barrier, except excitation en-
ergy, angular momentum and parity. Some peculari-
ties should be mentioned: When the transition states
at the given energy are resolved, the equilibrium dis-
tribution of transition states eventually shrinks to a
single state. When the initial excitation energy is
lower than the fission-barrier height, the system can
pass the barrier only by tunneling. This occurs most
probably with intrinsic excitation energy zero both
at the entrance point before and at the exit point
beyond the barrier. In case of a double-humped bar-
rier, the passage of the second barrier proceeds es-
sentially with the same characteristics. For nuclei
with a double-humped (or eventually with a triple-
humped) barrier, this means that it fully adapts in
all its degrees of freedom to the phase space above
the outer-most barrier.
Beyond the outer-most barrier, the system is driven

to scission and, finally, to disintegration, in most
cases into two fragments by the dominant influence of
the Coulomb force. On the way from the outer sad-
dle to scission, the system experiences a very complex
evolution. In addition to the intrinsic excitations,
the system has full freedom in its shape evolution.
(In a simplified way, the intrinsic excitations are of-
ten represented by a heat bath, while the shape evo-

lution is often represented by the elongation and a
number of normal modes like the octupole moment
that determines the mass asymmetry and neck ra-
dius of the fissioning system, quadrupole moments
of the two nascent fragments etc. The normal modes
may be represented by harmonic oscillators with their
minima at the static fission path. The characteris-
tics of these harmonic oscillators evolve with elonga-
tion. The different normal modes may be coupled to
each-other. For example, the mass asymmetry cou-
ples strongly with the quadrupole moments of the
two nascent fragments.) In this dynamic process, the
driving force along the fission path drives the sys-
tem continuously out of equilibrium, and statistical
equilibrium is not attained any more. Several forces
are acting on the system: The shape evolution is de-
scribed by a kind of transport equation with appro-
priate coupling to the intrinsic degrees of freedom,
including many-body interactions. Consideration of
quantum mechanics is mandatory. (In the simpli-
fied picture, mentioned above, the motion towards
increasing elongation is coupled to the other shape
degrees of freedom. Moreover, the coupling of the
shape degrees of freedom with the heat bath of intrin-
sic degrees of freedom induces entropy-driven forces
and dissipation.)

A few quantum-mechanical features, which are
connected with residual interactions (that go beyond
the independent-particle model or the mean-field ap-
proximation), are known to be subject to a consider-
able change during the fission process. In particular,
this concerns the total pairing condensation energy
and the total congruence energy. It is expected that
both quantities change their magnitude continuously
during the evolution from a mono-nucleaus to a di-
nuclear system [491, 414]. It is also expected that
other properties of the fissioning system like the shell
effects [238, 357] and the level density approach more
and more the superposition of the properties of the
nascent fragments with a gradually decreasing cou-
pling between them. The latter leads to a transport
of thermal energy between the nascent fragments and,
to the extent to which statistical equilibrium is real-
ized, to the phenomenon of energy sorting [11].

After scission, the fragments attain the shapes of
their respective ground-state, experience some trans-
formation of energy from deformation energy and col-
lective excitation energy into intrinsic excitation en-
ergy, eventually experience some Coulomb excitation
in the field of the complementary fragment [428], and
are accelerated to their final velocities, while conserv-
ing their total energies, angular momenta and pari-
ties.

After scission, the excitation energy and angular
momentum difference to the ground states of the sep-
arate fragments are carried away in a statistical de-
excitation process. On a longer time scale, the β-
unstable fragments are subject to delayed processes
that are, among others, responsible for the emission
of anti-neutrinos, delayed neutrons and the decay
heat of used fuel.

5.8.2 Confrontation with theoretical models

The theoretical approaches, described in section 4,
do not fully cover the above-mentioned scenario and
partly show more or less severe deviations. We will
mention only a few of the most important ones, and
we concentrate on the evolution of the system from
the barrier to scission, which is the main subject of
most theoretical models.

Among the microscopic self-consistent approaches,
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the TDGCM with GOA assumes adiabaticity during
the evolution from saddle to scission, considers only a
very limited number of collective modes, and cannot
model the scission process.

The proposed TDDFT approaches handle only
some limited aspects of dissipation. Ref. [94],
based on TDHF-BCS, starts the dynamic calculation
around mid-way between saddle and scission with an
arbitrary distribution of initial conditions and treats
the effects connected with pairing correlations in the
BCS approximation that includes pairing effects es-
sentially only on static nuclear properties. TDHFB
[67] in its concept agrees with the proposed scenario
to a great extent, although dissipation is only partly
considered, and the effect of residual interactions be-
yond pairing and the heat transfer in the dinuclear
regime are not considered, at least not explicitly. In
addition, the predicted quantities are still very lim-
ited.

The stochastic models do not include quantum-
mechanical effects in the dynamic evolution and only
consider the motion in a limited number of collective
coordinates by entropy-driven forces and dissipation
in the interaction with the heat bath. Furthermore,
only aa limited number of normal collective modes is
considered.

The semi-empirical GEF model [224] is guided by
the proposed scenario, although the physics is not
always explicitly formulated and often expressed by
effective descriptions. The importance of statistical
mechanics and the early localization of the nuclear
wave functions in the two nascent fragments before
scission are particularly emphasized. These aspects
are not explicitly considered by the other models
mentioned before. The model owes its wide coverage
of fission quantities to the choice of fast algorithms
and simplified descriptions and its good accuracy to
the adjustment of a number of model parameters to
empirical information.

6 Summary

The experimental and the theoretical activities of the
last years that have most strongly promoted the un-
derstanding of nuclear fission, and the prospects for
future developments have been covered in this review.

On the experimental side, the application of in-
verse kinematics extended the experimental capabil-
ities in several aspects. At present, this is the only
way that is able to identify all fission products in Z
and A. In an approach developed at GSI, Darmstadt,
fragmentation products from a relativistic 238U beam
were fully identified in Z and A and brought to fis-
sion by electromagnetic excitation in a heavy target
material. With this technique, low-energy fission of
a large number of nuclei with A ≤ 238 that were
not accessible before can be investigated. The fission
products can be identified in Z and A with an ex-
cellent resolution. This technique has already proven
its potential by mapping the transition from symmet-
ric fission to asymmetric fission around 226Th. But
first results demonstrate that this technique also of-
fers unique possibilities for systematic experiments
on lighter neutron-deficient nuclei in an extended re-
gion around 180Hg [170]. In another approach, devel-
oped at GANIL, Caen, transfer reactions of a 238U
primary beam in a carbon target gave access to ex-
periments on fission for a number of heavier nuclei
with well defined excitation energy and separation of
all fission products in Z and A. At CERN-ISOLDE,
the progress in LASER ionization made it possible to

study beta-delayed fission with fully identified ISOL
beams and to discover the asymmetric fission of 180Hg
and structural effects in the mass distributions of
other neighboring nuclei.

However, these measurements are still essentially
restricted to fission-fragment yields and total kinetic
energies. Extensions to include measurements of
prompt neutrons and prompt gammas in coincidence
with the fragments would be very important for a
better understanding of the energetics of the fission
process and of the generation of the fragment angular
momenta.

On the theoretical side, much effort is be-
ing invested in developing microscopic quantum-
mechanical self-consistent descriptions of the fission
process. In spite of the difficulties caused by the high
demand on computer power, the lack of suitable tools
to handle non-equilibrium processes and the difficul-
ties of introducing phenomena of statistical mechan-
ics into a quantum-mechanical description, progress
is being made in promoting a qualitative understand-
ing of fundamental aspects of nuclear fission. The dy-
namical TDDFT approach that avoids any constraint
on the collective variables is among the most inter-
esting recent developments.

The stochastic description of the fission process
by the numerical solution of the Langevin equations,
after being successfully applied for many years for
studying high-energy fission, has recently also been
applied to low-energy fission, where shell effects and
pairing correlations play an important role. The
strength of this approach is the inherent treatment
of statistical mechanics, the drawback is the classical
character of the Langevin equations and the assump-
tion of a uniform heat bath. Systematic dynamical
calculations of the fission quantities and their varia-
tion as a function of the nuclear composition and the
excitation energy are possible. Unfortunately, the ne-
cessity for Monte-Carlo sampling entails a limitation
in the number of relevant degrees of freedom that are
explicitly considered and, thus, a restriction in the
coverage of fission quantities, or a strongly simplified
treatment of the dynamics. A gradual extension is
expected in line with the progress of computer tech-
nology.

Another possibility of modeling fission consists in
the combination of powerful theoretical ideas and em-
pirical knowledge. A rather successful example is
the recently developed GEF model that is based on
a global view on experimental findings and the ap-
plication of a few general rules and ideas of physics
and mathematics. It covers almost all fission observ-
ables and is able to reproduce measured data with
high accuracy while having a remarkable predictive
power by establishing and exploiting unexpected sys-
tematics and hidden regularities in the fission observ-
ables. This model revealed features that are not cov-
ered by current microscopic and self-consistent mod-
els, in particular several manifestations of statistical
mechanics. A highlight is the discovery of energy
sorting.
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[17] J. Randrup, P. Möller, A. J. Sierk, “Fission-
fragment mass distributions from strongly
damped shape evolution”, Phys. Rev. C 84
(2011) 034613

[18] L. M. Robledo, M. Baldo, P. Schuck, X. Vinas,
“Fission properties of the Barcelona-Catania-
Paris energy density functional”, J. Phys: Conf.
Ser. 321 (2011) 012015

[19] Jhilam Sadhukhan, Santanu Pal, “Role of
saddle-to-scission dynamics in fission fragment
mass distribution”, Phys. Rev. C 84 (2011)
044610

[20] K.-H. Schmidt, B. Jurado, “Final excitation
energy of fission fragments”, Phys. Rev. C 83
(2011) 061601(R)

[21] W. Younes, D. Gogny, “Nuclear scission and
quantum localization”, Phys. Rev. Lett. 107
(2011) 132501

[22] A. V. Andreev, G. G. Adamian, N. V. An-
tonenko, “Mass distributions for induced fis-
sion of different Hg isotopes”, Phys. Rev. C 86
(2012) 044315

[23] N. Carjan, F.-J. Hambsch, M. Rizea, O. Serot,
M. Mirea, “Partition between the fission frag-
ments of the excitation energy and of the neu-
tron multiplicity at scission in low-energy fis-
sion”, Phys. Rev. C 85 (2012) 044601
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[154] A. Göök, F.-J. Hambsch, M. Vidali, “Prompt
neutron multiplicity in correlation with frag-
ments from spontaneous fission of 252Cf”, Phys.
Rev. C 90 (2014) 064611

[155] R. O. Hughes, C. W. Beausang, T. J. Ross,
J. T. Burke, R. J. Casperson, N. Cooper, J.
E. Escher, K. Gell, E. Good, P. Humby, M.
McCleskey, A. Saastimoinen, T. D. Tarlow,
I. J. Thompson, “236Pu(n,f), 237Pu(n,f), and
238Pu(n,f) cross sections deduced from (p,t),
(p,d), and (p,p’) surrogate reactions”, Phys.
Rev. C 90 (2014) 014304

[156] B. S. Ishkhanov, A. A. Kuznetsov, “238U
photofission in the energy region of the gi-
ant dipole resonance”, Phys. Atom. Nuclei 77
(2014) 824-833

[157] Z. Kalaninova, S. Antalic, A. N. Andreyev, F.
P. Hessberger, D. Ackermann, B. Andel, L.
Bianco, S. Hofmann, M. Huyse, B. Kindler, B.
Lommel, R. Mann, R. D. Page, P. J. Sapple, J.
Thomson, P. Van Duppen, M. Venhart, “Decay
of 201−203Ra and 200−202Fr”, Phys. Rev. C 89
(2014) 054312

[158] D. Karadimos et al. (n TOF Collaboration),
“Neutron-induced fission cross section of 234U
measured at the CERN n TOF facility”, Phys.
Rev. C 89 (2014) 044606

[159] J. M. Mueller, M. W. Ahmed, R. H. France, III,
M. S. Johnson, H. J. Karwowski, L. S. Myers,
J. Randrup, M. H. Sikora, M. C. Spraker, S.
Stave, J. R. Tompkins, R. Vogt, H. R. Weller,
C. S. Whisnant, W. R. Zimmerman, “Prompt
neutron polarization asymmetries in photofis-
sion of 232Th, 233,235,238U, 237Np, and Pu”,
Phys. Rev. C 89 (2014) 034615

[160] S. Oberstedt, R. Billnert, T. Belgya, T.
Brys, W. Geerts, C. Guerrero, F.-J. Hamb-
sch, Z. Kis, A. Moens, A. Oberstedt, G.
Sibbens, L. Szentmiklosi, D. Vanleeuw, M. Vi-
dali, “High-precision prompt-gamma-ray spec-
tral data from the reaction 241Pu(nth,f)”, Phys.
Rev. C 90 (2014) 024618

[161] R. Yanez, L. Yao, J. King, W. Loveland, F.
Tovesson, N. Fotiades, “Excitation energy de-
pendence of the total kinetic energy release in
235U(n,f)”, Phys. Rev. C 89 (2014) 051604(R)

[162] S. S. Belyshev, B. S. Ishkhanov, A. A.
Kuznetsov, K. A. Stopani, “Mass yield distribu-
tions and fission modes in photofission of 238U
below 20 MeV”, Phys. Rev. C 91 (2015) 034603

[163] C. Bhatia, B. F. Fallin, M. E. Gooden, C. R.
Howell, J. H. Kelley, W. Tornow, C. W. Arnold,
E. Bond, T. A. Bredeweg, M. M. Fowler, W.
Moody, R. S. Rundberg, G. Y. Rusev, D. J.
Vieira, J. B. Wilhelmy, J. A. Becker, R. Macri,
C. Ryan, S. A. Sheets, M. A. Stoyer, A. P.
Tonchev, “Exploratory study of fission product
yields of neutron-induced fission of 235U, 238U,
and 239Pu at 8.9 MeV”, Phys. Rev. C 91 (2015)
064604

[164] M. Caamaño, F. Farget, O. Delaune, K.-
H. Schmidt, C. Schmitt, L. Audouin, C.-O.
Bacri, J. Benlliure, E. Casarejos, X. Derkx, B.
Fernández-Domı́nguez, L. Gaudefroy, C. Go-
labek, B. Jurado, A. Lemasson, D. Ramos,
C. Rodriguez-Tajes, T. Roger, A. Shrivastava,

“Characterization of the scission point from
fission-fragment velocities”, Phys. Rev. C 92
(2015) 034606

[165] A. Deppman, G. S. Karapetyan, V. Guimaraes,
C. Gonzales, A. R. Balabekyan, N. A. De-
mekhina “Bremsstrahlung-induced fission and
spallation of the pre-actinide nucleus 181Ta”
Phys. Rev. C 91 (2015) 024620

[166] V. V. Desai, B. K. Nayak, A. Saxena, S. V.
Suryanarayana, R. Capote, “Prompt fission
neutron spectra in fast-neutron-induced fission
of 238U”, Phys. Rev. C 92 (2015) 014609

[167] F. Farget, M. Caamaño, D. Ramos, C.
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P. Jesinger, Yu. Kopatch, T. Kuzmina, E.
Lelievre-Berna, M. Mutterer, V. Nesvizhevsky,
G. Petrov, T. Soldner, G. Tiourine, W. H. Trza-
ska, T. Zavarukhina, “Particular features of
ternary fission induced by polarized neutrons
in the major actinides 233,235U and Pu”, Phys.
Rev. C 93 (2016) 054619

[182] R. Leguillon, K. Nishio, K. Hirose, H. Makii, I.
Nishinaka, R. Orlandi, K. Tsukada, J. Small-
combe, S. Chiba, Y. Aritomo, T. Ohtsuki, R.
Tatsuzawa, N. Takaki, N. Tamura, S. Goto, I.
Tsekhanovich, C. M. Petrache, A. N. Andreyev,
”Fission fragments mass distributions of nuclei

populated by the multinucleon transfer chan-
nels of the 18O + 232Th reaction”, Phys. Lett.
B 761 (2016) 125

[183] K. Meierbachtol, F. Tovesson, D. L. Duke, V.
Geppert-Kleinrath, B. Manning, R. Meharc-
hand, S. Mosby, D. Shields, “Total kinetic en-
ergy release in 239Pu(n,f) post-neutron emis-
sion from 0.5 to 50 MeV incident neutron en-
ergy”, Phys. Rev. C 94 (2016) 034611

[184] H. Naik, Sadhana Mukherji, S. V. Surya-
narayana, K. C. Jagadeesan, S. V. Thakare, S.
C. Sharma, “Measurement of fission products
yields in the quasi-mono-energetic neutron-
induced fission of 232Th”, Nucl. Phys. A 952
(2016) 100

[185] S. Oberstedt, A. Oberstedt, A. Gatera, A.
Gk, F.-J. Hambsch, A. Moens, G. Sibbens, D.
Vanleeuw, M. Vidali, “Prompt fission gamma-
ray spectrum characteristics from 240Pu(sf) and
242Pu(sf)”, Phys. Rev. C 93 (2016) 054603

[186] H. Penttilae, D. Gorelov, V. -V. Elomaa, T.
Eronen, U. Hager, J. Hakala, A. Jokinen,
A. Kankainen, P. Karvonen, I. D. Moore, J.
Parkkonen, K. Peraejaervi, I. Pohjalainen, S.
Rahaman, S. Rinta-Antila, J. Rissanen, V. A.
Rubchenya, A. Saastamoinen, V. Simutkin, T.
Sonoda, C. Weber, A. Voss, J. Aeystoe, “Inde-
pendent isotopic yields in 25 MeV and 50 MeV
proton-induced fission of natU”, Eur. Phys. J.
A 52 (2016) 104

[187] V. L. Truesdale, A. N. Andreyev, L. Ghys, M.
Huyse, P. Van Duppen, S. Sels, B. Andel, S.
Antalic, A. Barzakh, L. Capponi, T. E. Co-
colios, X. Derkx, H. De Witte, J. Elseviers,
D. V. Fedorov, V. N. Fedosseev, F. P. Hess-
berger, Z. Kalaninova, U. Koester, J. F. W.
Lane, V. Liberati, K. M. Lynch, B. A. Marsh,
S. Mitsuoka, Y. Nagame, K. Nishio, S. Ota,
D. Pauwels, L. Popescu, D. Radulov, E. Rapis-
arda, S. Rothe, K. Sandhu, M. D. Seliverstov,
A. M. Sjoedin, C. Van Beveren, P. Van den
Bergh, Y. Wakabayashi, “Beta-delayed fission
and alpha decay of 196At”, Phys. Rev. C 94
(2016) 034308

[188] A. Gatera, T. Belgya, W. Geerts, A. Göök, F.-
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[326] P. Möller, D. G. Madland, A. J. Sierk, A.
Iwamoto, “Nuclear fission modes and fragment
mass asymmetries in a five-dimensional defor-
mation space”, Nature 409 (2001) 785

[327] Karsten Reuter, Catherine Stampfl, Matthias
Scheffler, “Ab initio atomistic thermodynamics
and statistical mechanics of surface properties
and functions”, in Handbook of Materials Mod-
eling, Vol. 1 Fundamental Models and Methods,
Sidney Yip (Ed.)

64



[328] P. F. Bortignon, R. A. Broglia, “Challenges in
the description of the atomic nucleus: Unifica-
tion and interdisciplinarity”, Eur. Phys. J. A
52 (2016) 64

[329] D. G. Madland, J. R. Nix, “New calculation
of prompt fission neutron spectra and average
prompt neutron multiplicities”, Nucl. Sci. Eng.
81 (1982) 213

[330] James Terrell, ”Neutron yields from individual
fission fragments”, Phys. Rev. 127 (1962) 880

[331] The GEF code is available from
http://www.cenbg.in2p3.fr/GEF

[332] https://www.oecd-nea.org/dbdata/jeff/

[333] Edwin Privas, Gilles Noguere, Jean Tommasi,
Cyrille De Saint Jean, Karl-Heinz Schmidt,
Robert Mills, “Measurements of the effec-
tive cumulative fission yields of 143Nd, 145Nd,
146Nd, 148Nd and 150Nd for 235U in the
PHENIX fast reactor”, EPJ Nuclear Sci. Tech-
nol. 2 (2016) 32

[334] A. Tudora, F.-J. Hambsch, V. Tobosaru,
“Point-by-Point model calculation of the
prompt neutron multiplicity distribution ν(A)
for 238U(n,f) at incident neutron energies rang-
ing from 1 MeV to 80 MeV”, Phys. Rev. C 94
(2016) 044601

[335] O. Leray, L. Fiorito, D. Rochman, H. Fer-
roukhia, A. Stankovskiy, G. Van den Eyn-
deb, “Uncertainty propagation of fission prod-
uct yields to nuclide composition and decay
heat for a PWR UO2 fuel assembly”, Progr.
Nucl. Energy (2017) in press

[336] A. A. Sonzogni, E. A. McCutchan, T. D. John-
son, P. Dimitriou, “Effects of fission yield data
in the calculation of antineutrino spectra for
235U(n,fission) at thermal and fast neutron en-
ergies”, Phys. Rev. Lett. 116 (2016) 132502

[337] F. A. Khan, Debasis Bhowmick, D. N. Basu,
M. Farooq, Alok Chakrabarti, “Comparison of
yields of neutron-rich nuclei in proton- and
photon-induced 238U fission”, Phys. Rev. C 94
(2016) 054605

[338] F. A. Khan, Debasis Bhowmick, D. N. Basu, M.
Farooq, Alok Chakrabarti, “Erratum: Compar-
ison of yields of neutron-rich nuclei in proton-
and photon-induced 238U fission [Phys. Rev.
C 94, 054605 (2016)]” Phys. Rev. C 97 (2018)
019903

[339] J. Khuyagbaatar, D. J. Hinde, I. P. Carter, M.
Dasgupta, Ch. E. Duellmann, M. Evers, D. H.
Luong, R. du Rietz, A. Wakhle, E. Williams, A.
Yakushev, “Experimental study of the quasi-
fission, fusion-fission, and de-excitation of Cf
compound nuclei”, Phys. Rev. C 91 (2015)
054608

[340] A. Al-Adili, K. Jansson, M. Lantz, A. Sol-
ders, D. Gorelov, C. Gustavsson, A. Mattera,
I. Moore, A. V. Prokofiev, V. Rakopoulos, H.
Penttilae, D. Tarrio, S. Wiberg, M. Oesterlund,
S. Pomp, “Simulations of the fission-product
stopping efficiency in IGISOL”, Eur. Phys. J.
A 51 (2015) 59

[341] K.-H. Schmidt, B. Jurado, Ch. Amouroux,
“General description of fission observ-
ables, GEF model”, JEFF Report 24,
NEA/DB/DOC(2014)1, NEA Data Bank
of the OECD, 2014, available from
http://www.oecd-nea.org/dbdata/nds jefreports/

[342] K.-H. Schmidt, B. Jurado, Ch. Amouroux,
“General description of fission observables,
GEF model”, Supplement to JEFF Re-
port 24, NEA/DB/DOC(2014)2, NEA
Data Bank of the OECD, 2014, available from
http://www.oecd-nea.org/databank/docs/2014/

[343] W. D. Myers, W. J. Swiatecki, “Nuclear prop-
erties according to the Thomas-Fermi model”,
Nucl. Phys. A 601 (1996) 141

[344] K.-H. Schmidt, B. Jurado, “Revealing hidden
regularities with a general approach to fission”,
Eur. Phys. J. A 51 (2015) 176

[345] A. V. Karpov, A. Kelić, K.-H. Schmidt, “On
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[346] W. J. Światecki, K. Siwek-Wilczyńska, J.
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[348] A. Kelić, K.-H. Schmidt, “Assessment of
saddle-point-mass predictions for astrophysical
applications”, Phys. Lett. B 634 (2006) 362

[349] W. D. Myers, W. J. Swiatecki, “Thomas-Fermi
fission barriers”, Phys. Rev. C 60 (1999) 014606

[350] G. Audi, M. Wang, A. H. Wapstra, F. G.
Kondev, M. MacCormick, X. Xu, B. Pfeif-
fer, “The Ame2012 atomic mass evaluation I”,
Chin. Phys. C 36 (2012) 1287

[351] M. Wang, G. Audi, A. H. Wapstra, F. G. Kon-
dev, M. MacCormick, X. Xu, B. Pfeiffer, “The
Ame2012 atomic mass evaluation II”, Chin.
Phys. C 36 (2012) 1603

[352] W. D. Myers, W. J. Swiatecki, “Nuclear masses
and deformations”, Nucl. Phys. 81 (1966) 1
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P. Napolitani, F. Rejmund, K.-H. Schmidt,
O. Yordanov, “Complex nuclear-structure phe-
nomena revealed from the nuclide production
in fragmentation reactions”, Nucl. Phys. A 733
(2004) 299

[416] B. Mei, H. S. Xu, X. L. Tu, Y. H. Zhang,Yu.
A. Litvinov, K.-H. Schmidt, M. Wang, Z. Y.
Sun, X. H. Zhou, Y. J. Yuan, M. V. Riccia-
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