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Measurement of the Michel parameters

and the ντ helicity in τ lepton decays

The ALEPH Collaboration∗

Abstract

A measurement of the Michel parameters and the average ντ helicity in τ lepton
decays is described. The data was collected with the ALEPH detector at LEP during
the years 1991 to 1995. A total integrated luminosity of 155 pb−1 is analysed. The
Michel parameters ρl, ξl, (ξδ)l (l = e, µ), and ηµ are determined for the leptonic
decays, and the chirality parameters ξπ, ξρ, and ξa1 for the hadronic final states.
Under the assumptions of e-µ universality and ξπ = ξρ = ξa1 , the values ρl =
0.742 ± 0.016, ηl = 0.012 ± 0.026, (ξδ)l = 0.776 ± 0.051, ξl = 0.986 ± 0.074, and
ξh = 0.992 ± 0.011 are obtained. No significant deviation is observed from the
Standard Model assumption of the V −A structure of the charged weak interaction.

To be submitted to The European Physical Journal C
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Dipartimento di Fisica, Università di Milano e INFN Sezione di Milano, I-20133 Milano, Italy
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1 Introduction

The decay of the τ lepton, mediated through the weak charged current, is described in
the Standard Model by a pure V− A interaction. For the µ decay, the V− A assumption
has already been confirmed with high precision [1, 2] by the determination of its Michel
parameters and complementary measurements. The aim of this analysis of the τ decays is
to look for small deviations from the electroweak prediction of the Standard Model which
could arise from new physics. The measured parameters are the Michel parameters for
leptonic decays and chirality parameters ξh, related to the ντ helicity, for hadronic decays.

The τ leptons are produced in the process e+e− → τ+τ− and have correlated
helicities. Their decays into the final states e−ν̄eντ , µ−ν̄µντ , π−(K−)ντ , π−π0ντ , π−π0π0ντ ,
π−π+π−ντ , and the charge conjugate states are analysed. This measurement uses the
full data sample collected with the ALEPH detector from the LEP runs around the Z
resonance corresponding to an integrated luminosity of 155 pb−1. It supersedes earlier
results from ALEPH [3] based on a smaller data sample. To achieve the best sensitivity,
the τ rest frame is reconstructed when possible, namely in the case of both τ ’s decaying
hadronically.

2 Lorentz structure and definition of the parameters

2.1 Leptonic decays

The matrix element of the most general four-fermion contact interaction used to describe
the purely leptonic decay τ− → l−ν̄lντ [4–7] can be written in the helicity projection
formalism as [8, 9]

M = 4
Gl√

2

∑

γ=S,V,T
i,j=R,L

gγ
ij 〈l̄i|Γγ| (νl)n〉〈(ν̄τ )m |Γγ|τj〉, (l = e, µ). (1)

The constant Gl is the absolute coupling strength and the gγ
ij are ten (gT

ii = 0)
complex coupling constants describing the relative contribution of scalar (ΓS = 1), vector
(ΓV = γµ), and tensor (ΓT = 1√

2
σµν) interactions respectively, for given chiralities j, i of

the τ and the charged decay lepton. The neutrino chiralities n and m are then uniquely
defined for a given set γ, i, j. The V− A interaction assumed in the Standard Model
corresponds in this formalism to gV

LL = 1 and gγ
ij = 0 for all other couplings. The

matrix element (1) can be used to compute the spectrum of the charged decay lepton.
When the final state polarisation is integrated out, the spectrum is described by four real
parameters1 ρ, η, ξ, and ξδ, the Michel parameters.

To express the relation between the Michel parameters and the gγ
ij coupling constants,

it is helpful to introduce the six positive parameters

1The original parameters [5] were α = ξ/3− 4ξδ/9 and β = ξδ/3. Employing ξ and δ [7] gives a more
symmetrical shape to the formulae but δ is not bounded. Using ξ and ξδ as independent parameters
retains the advantages of the two formulations

1



α+ = |gV
RL|2 + |gS

RL + 6gT
RL|2/16 ,

α− = |gV
LR|2 + |gS

LR + 6gT
LR|2/16 , (2)

β+ = |gV
RR|2 + |gS

RR|2/4 ,

β− = |gV
LL|2 + |gS

LL|2/4 , (3)

γ+ = (3/16)|gS
RL − 2gT

RL|2 ,

γ− = (3/16)|gS
LR − 2gT

LR|2 , (4)

where ± denotes the final state charged lepton chirality. The normalization condition
reads

α+ + α− + β+ + β− + γ+ + γ− =
∑

i,j

( |gV
ij |2 +

1

4
|gS

ij|2 + 3 |gT
ij|2

)
= 1 . (5)

The ρ, ξ, and ξδ parameters are given by

ρ =
3

4
(β+ + β−) + (γ+ + γ−) ,

ξ = 3 (α− − α+) + (β− − β+) +
7

3
(γ+ − γ−) , (6)

ξδ =
3

4
(β− − β+) + (γ+ − γ−) .

The Standard Model prediction (|gV
LL| = 1 and all the other gγ

ij = 0) implies β− = 1,
hence ξ = 1, ρ = ξδ = 3/4 but the converse is not true, and ambiguities affect the τ
left-handed couplings. The upper limits of these couplings, compatible with the Standard
Model values of ρ, ξ, and ξδ [10], are given in Table 1.

Table 1: Values of the coupling constants for left-handed τ ’s in the Standard Model compared
to their absolute maximum values and to the upper limits compatible with the Standard Model
prediction: ξ = 1, ρ = ξδ = 3/4

|gS
RL| |gS

LL| |gV
RL| |gV

LL| |gT
RL|

SM 0 0 0 1 0

absolute maximum 2 2 1 1 1/
√

3
maximum when

ρ = ξδ = 3/4, ξ = 1
2 2 1/2 1 1/2

Since the physically interesting region is the neighbourhood of the Standard Model
prediction, no relevant information on the non-standard τ left-handed couplings can be
extracted from the measurement of ρ, ξ, and ξδ. The right-handed couplings, on the
contrary, are constrained by two independent linear combinations of the parameters whose
vanishing implies that all the gγ

iR are equal to zero, for instance:

Sτ
R =

2

3
[ ρ− ξδ ] = β+ +

4

3
γ− =

1

4
( |gS

RR|2 + |gS
LR − 2gT

LR|2 ) + |gV
RR|2 , (7)

2



Pτ
R =

1

2
[ 1 +

ξ

3
− 16

9
ξδ ] = β+ + α− + γ− (8)

=
1

4
( |gS

RR|2 + |gS
LR|2 ) + |gV

RR|2 + |gV
LR|2 + 3 |gT

LR|2 ,

where the last combination Pτ
R is the fractional contribution of the τ right-handed cou-

plings to the leptonic partial width. Therefore the Michel parameters are sensitive to the
existence of heavy W bosons with right-handed couplings predicted by left-right symmetric
models [11].

The last Michel parameter η, which vanishes in the Standard Model, receives a
contribution from the interference between the dominant gV

LL coupling and a scalar
coupling which could be due to a charged Higgs boson [12, 13]. It can be written

η ' 1

2
Re(gS

RRgV ∗
LL) , (9)

keeping only the the dominant term. It is the sole Michel parameter which contributes to
the τ leptonic partial widths [9] :

Γl ' m5
τG

2
l

192π3
[1 + 4ηl

ml

mτ

] . (10)

The energy spectrum of the charged lepton in the laboratory system is:

(1 + 4ηl
ml

mτ
)
1

Γ

dΓ

dx
= f (x; ρl, ηl) + Pτ g (x; ξl, (ξδ)l) (11)

= f0(x) + ηl fη(x) + ρl fρ(x) + Pτ [ξlgξ(x) + (ξδ)l gξδ(x)] ,

where Pτ is the τ polarisation and x = El/Ebeam the normalized lepton energy. The
functions f and g describe the “isotropic”, and the τ helicity dependent parts of the
spectrum, respectively. Neglecting radiative corrections and higher order terms in ml/mτ

allows f and g to be expressed as polynomials in x,

f(x) =
1

3

[
(5− 9x2 + 4x3)− 4

3
[ρl − 3

4
](1− 9x2 + 8x3) + 36

ml

mτ
ηl(1− x)2

]
, (12)

g(x) =
1

3

[
ξl(1− 9x2 + 8x3)− 4

3
[(ξδ)l − 3

4
ξl](1− 12x + 27x2 − 16x3)

]
. (13)

Since the term involving ηl in Eq. 12 contains a factor ml/mτ , the contribution of ηl

is largely suppressed, especially for the electron, where the suppression factor is about
3× 10−4. Therefore there is no sensitivity to ηe with the statistics available today.

2.2 Hadronic decays

• For the simplest decay mode τ− → π−ντ , there is only one observable, the τ decay
angle, related to the pion energy in the laboratory by cos θ ' 2xπ−1, with xπ = Eπ/Ebeam.
The decay distribution reads

1

Γ

dΓ

d cos θ
(τ− → π−ντ ) =

1

2
[ 1 + ξπPτ cos θ ] , (14)

3



where the chirality parameter ξπ is related to the average ντ helicity by 〈hντ 〉 = −ξπ.

• For the decay τ− → π−π0ντ (ρ decay), the set of observables is ~x = (Q2, cos θ, α, β),
where Q2 is the squared invariant mass of the hadronic (π−π0) system, θ the τ decay
angle, α and β the azimuthal and polar angles of the π− with respect to the τ direction
in the hadronic centre-of-mass system. The decay distribution reads

1

Γ

dΓ

d~x
(τ− → π−π0ντ ) = Fρ(~x) + ξρPτ Gρ(~x) . (15)

Using the reduced optimal variable [14] ωρ = Gρ/Fρ, the distribution becomes

1

Γ

dΓ

dωρ

(τ− → π−π0ντ ) = fρ(ωρ)(1 + ξρPτωρ) = fρ(ωρ) + ξρPτgρ(ωρ) . (16)

If the τ rest frame is not reconstructed, α is not measured and β is relative to the ρ line
of flight in the laboratory. If only V and A couplings are present, the functions Fρ and Gρ

are determined by Lorentz invariance only without further hypothesis. The construction
of the ωρ variable used in the present study utilizes these functions.

The effect of possible other couplings is more simply understood when the τ rest frame
is reconstructed. In this case, transverse (λρ = ±1) and longitudinal (λρ = 0) ρ’s can be
statistically separated through the cosβ distribution which is proportional to sin2 β for
transverse and to cos2 β for longitudinal ρ′s. As in the case of the π decay mode, the
decay distributions are

1

ΓL/T

dΓL/T

d cos θ
(τ− → ρ−ντ ) =

1

2
[1± ξL/T

ρ Pτ cos θ] , (17)

with the same relation as for τ → πντ between the ξ parameters and the average
neutrino helicity. The nature of the coupling affects only the proportions of transverse
and longitudinal ρ’s. Since scalar couplings cannot contribute to ρ production, the two
possibilities are vector and tensor couplings. They give, irrespectively of the ντ helicity,
amplitudes in the ratio AT /AL =

√
2m/mτ for vector and AT /AL =

√
2mτ/m for tensor

[15], if the neutrino mass is negligible compared to the π−π0 effective mass m. The cos β
distribution when the τ rest frame is reconstructed depends only on |AT/AL|2 and is the
most sensitive observable to the presence of tensor couplings. The agreement (Fig. 1)
between the cos β distribution observed in the data and that predicted by the Standard
Model Monte Carlo supports the use of the chosen parametrization.

• For the decay τ− → 3πντ (a1 decay), the parameters used to describe the final state
are [16] ~x = (Q2, cos θ, s1, s2, α, β, γ), where s1 and s2 are the squared invariant masses
of the unlike-sign two-pion systems and α, β, and γ three Euler angles which specify the
direction of the normal to the three-pion system decay plane and the orientation of one
of the pions in this plane. Here also, the measurement of α requires the reconstruction of
the τ rest frame. Since, in the case of three pions, it is possible to construct pseudo-scalar
quantities from the pion momenta only, the decay distribution assumes a more complex
form:

1

Γ

dΓ

d~x
(τ− → 3πντ ) = Fa1(~x) + ξa1Pτ G1

a1
(~x) + ξa1 G2

a1
(~x) + Pτ G3

a1
(~x) . (18)

4
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Figure 1: Distribution of the ρ decay angle when the τ rest frame is reconstructed. The points
are data, the full line is the expectation from Monte Carlo, and the shaded area the contribution
of τ background

If the decay is described by the reduced variable ωa1 = G1
a1

/Fa1 [14], the functions G2
a1

and G3
a1

, which contain the above mentioned pseudo-scalar quantities, are integrated out
and the decay distribution reads

1

Γ

dΓ

dωa1

(τ− → 3πντ ) = fa1(ωa1)(1 + ξa1Pτωa1) = fa1(ωa1) + ξa1Pτga1(ωa1) . (19)

Even with only V and A couplings, the complexity of the final state introduces some
hadronic model dependence in the definition of the Fa1 and Gi

a1
functions used to compute

ωa1 [16]. Accordingly, the determination of ξa1 presented here is affected by theoretical
systematic uncertainties. Other measurements of ξa1 [17–19] use only the pseudo-scalar
observable of the 3π final state [20]. They are also affected by theoretical systematic
effects, but these effects are not correlated to the theoretical uncertainties on the present
measurement since they rest on the knowledge of the G2

a1
function which is not used here.

• As previously mentioned, the computation of the ω variables used in this analysis
assumes that only V and A couplings intervene. The matrix element is written

M = cos θc
G√
2
〈ν̄τ |γµ(gV − gAγ5)|τ〉〈 Jµ〉 (20)

for a Cabibbo favoured decay. The nature of the hadronic current Jµ is determined by
the hadronic final state. The chirality parameters ξh (h = π, ρ, a1) are then given by

ξh = 2Re(gVg∗A)/(|gV|2 + |gA|2) . (21)

In the Standard Model ξh = 1.

5



2.3 Correlated decays

With the reduced ω variables, the decay distribution has the same expression for all the
hadronic decays:

1

Γ

dΓ

dωh
(τ− → h−ντ ) = fh(ωh) + ξhPτgh(ωh) (h = π, ρ, a1) , (22)

where ωπ = cos θ ' 2xπ − 1. From Equations 11 to 13 and 22, it is clear that the
measurement of the decay parameters from single τ decay spectra requires the knowledge
of the polarisation. Alternatively, the full correlation between the spins of the τ+ and
the τ− in an event can be exploited [21, 22] to measure the parameters by the fit of the
τ+τ− two-dimensional correlated decay spectra. Since Pτ = Pτ− = −Pτ+ and since CP
invariance implies that all the ξl and ξh parameters have opposite values for τ+ and τ−,
while ρ, η, and δ are the same, the correlated spectra can be written in terms of the τ−

polarisation and decay parameters as

1

Γ

d2Γ

dωh1dωh2

= fh1(ωh1)fh2(ωh2) + ξh1ξh2 gh1(ωh1)gh2(ωh2) (23)

+Pτ{ξh1 gh1(ωh1)fh2(ωh2) + ξh2 fh1(ωh1)gh2(ωh2)} ,

(1 + 4ηl
ml

mτ
)
1

Γ

d2Γ

dxldωh
= [f0(xl) + ηlfη(xl)]fh(ωh) + ξlξh [gξ(xl) + δlgξδ(xl)]gh(ωh) (24)

+Pτ{ξl [gξ(xl) + δlgξδ(xl)]fh(ωh) + ξh [f0(xl) + ηlfη(xl)]gh(ωh)} ,

for hadron-hadron and lepton-hadron correlations respectively.

All the parameters can be measured in this way with only a global sign ambiguity
on the ξ parameters and Pτ . This ambiguity is resolved by comparing, for instance, the
determinations of the Z couplings to electrons from the τ polarisation forward-backward
asymmetry [23] and from the beam polarisation left-right asymmetry [24].

The complete correlation of the τ+ and τ− helicities is a consequence of the Standard
Model. Nevertheless, if only CP invariance is assumed and the helicity correlation
coefficient is written −χ, the distributions (23) and (24) keep the same form with effective
parameters ξeff

h/l =
√

χξh/l and P eff
τ = Pτ/

√
χ. Since2 |ξh| ≤ 1, the observation of effective

hadronic parameters equal to one implies both ξh = 1 and χ = 1.

3 Apparatus

The ALEPH detector is described in detail in [25] and its performance in [26].

Charged particles are measured with a high resolution silicon vertex detector (VDET),
a cylindrical drift chamber (ITC), and a large time projection chamber (TPC). The
momentum resolution in the axial magnetic field of 1.5 T provided by a superconducting
solenoid is ∆p/p2 = 0.6 × 10−3(GeV/c)−1 for high momentum tracks. The impact

2Even if, in the case of the a1, ξh is regarded as a mere phenomenological parameter, the positivity of
the probability distribution (19) implies |ξh| ≤ 1
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parameter resolutions for tracks with hits in all three subdetectors are σrφ = 23 µm
and σz = 28 µm.

The tracking devices are surrounded by the electromagnetic calorimeter (ECAL),
which is a highly segmented lead/proportional-wire-chamber calorimeter. The calorimeter
is read out via cathode pads arranged in projective towers covering 0.9◦ × 0.9◦ in
solid angle and summing the deposited energy in three sections of depth. A second
read-out is provided by the signals from the anode wires. The energy resolution is
σ/E = 0.009 + 0.18/

√
E (GeV).

Outside the ECAL lies the solenoid, which is followed by the hadron calorimeter
(HCAL). Hadronic showers are sampled by 23 planes of streamer tubes giving a digital hit
pattern and an analog signal on pads, which are also arranged in projective towers. This
calorimeter is used to discriminate between pions and muons. Outside the HCAL there
are two layers of muon chambers providing additional information for µ identification.

4 Event selection

The selection of ττ events is based on the algorithm described in [27]and [28]. It starts by
dividing the event in two hemispheres by a plane perpendicular to the thrust axis. Cuts
are then applied on the characteristics of the “jets” reconstructed in each hemisphere
and the particle identification is used to improve the rejection of e-e and µ-µ pairs. The
overall efficiency of this selection is (77.99± 0.23)% with a remaining non-τ background
of (0.8 ± 0.1)%, composed mainly of Bhahba events (0.28%), µ pairs (0.08%), hadrons
(0.25%), and events from γγ interactions (0.17%). These are average numbers, the actual
background depends on the τ final states and is properly taken into account (see Table 2).

The next step in the selection procedure is the identification of the various τ decays
(Table 3). It relies mainly on the particle identification algorithm and the fake photon
estimator developed for the τ polarisation measurement, which are described in detail
in [23] and summarized below. A good photon is defined either as an electromagnetic
cluster found by the photon clustering algorithm [29] and not rejected by the fake photon
estimator, or as a conversion consisting of two tracks with a reconstructed vertex, very
low invariant mass, and at least one identified electron. For the reconstruction of a π0, an
invariant mass between 0.08GeV/c2 and 0.22GeV/c2 is required. To improve the energy
resolution, the accepted π0 candidates are kinematically fitted to their nominal mass, if
the two photons are electromagnetic clusters [29].

τ− → l−ντ ν̄l

A hemisphere is called e or µ if it has exactly one good track [23] identified as an
electron or a muon. In addition no γγ pair with an invariant mass compatible with a π0

should be found.

τ− → π−ντ

For this final state, the hemisphere must have exactly one good track with a momentum
greater than 2GeV/c, identified as a pion [23], and there should be no good photon. Cuts
on the ratios of the calorimetric energies to the momentum of the track measured in the
TPC are also applied to reduce the remaining background from electrons.
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Table 2: Efficiencies, background from τ decays and from non-τ events for the final states
(inclusive and correlated) used in the analysis. All numbers are given in percent, the errors are
only statistical

Background
Class Efficiency

τ decays non-τ
e 70.88± 0.11 1.12± 0.03 1.03± 0.07
e-e 62.66± 0.40 2.23± 0.15 3.04± 0.42
e-µ 67.25± 0.28 3.11± 0.12 0.02± 0.02
e-π 55.26± 0.36 9.11± 0.27 0.14± 0.08
e-ρ 57.88± 0.24 12.47± 0.20 0.19± 0.06
e-π2π0 39.81± 0.40 24.35± 0.48 0.07± 0.07
e-3π± 55.35± 0.41 9.70± 0.32 0.00± 0.00
µ 75.88± 0.11 1.80± 0.04 0.54± 0.05
µ-µ 71.08± 0.39 3.90± 0.19 2.92± 0.42
µ-π 58.78± 0.36 9.40± 0.27 0.14± 0.08
µ-ρ 61.97± 0.24 13.43± 0.20 0.04± 0.03
µ-π2π0 42.89± 0.41 24.30± 0.47 0.00± 0.00
µ-3π± 58.43± 0.41 10.61± 0.32 0.00± 0.00
π 60.41± 0.15 7.82± 0.10 0.08± 0.03
π-π 42.47± 0.62 16.69± 0.66 0.00± 0.00
π-ρ 49.12± 0.30 18.25± 0.30 0.05± 0.04
π-π2π0 33.28± 0.47 30.18± 0.67 0.00± 0.00
π-3π± 46.40± 0.51 16.40± 0.51 0.00± 0.00
ρ 63.26± 0.10 11.72± 0.08 0.07± 0.02
ρ-ρ 50.94± 0.29 22.26± 0.30 0.03± 0.02
ρ-π2π0 34.84± 0.33 32.69± 0.45 0.05± 0.05
ρ-3π± 46.66± 0.34 19.80± 0.36 0.03± 0.03
π2π0 42.66± 0.17 23.74± 0.20 0.03± 0.02
π2π0-π2π0 23.50± 0.68 42.53± 0.24 0.00± 0.00
π2π0-3π± 30.94± 0.53 31.58± 0.79 0.01± 0.01
3π± 57.79± 0.17 8.99± 0.13 0.02± 0.01
3π±-3π± 39.55± 0.81 17.79± 0.91 0.00± 0.00

τ− → ρ−ντ → π−π0ντ

Two cases are distinguished. Firstly, if there is one π0 and no additional good photon,
one good track is required and a cut 0.3 GeV/c2 < mππ0 < 1.6 GeV/c2 is applied.
Secondly, since for a high energy π0 it is probable that the two photons are merged into
one cluster, it might happen that only one good photon is found. Then the hemisphere
should have one good track identified as a pion and fulfil the same mass cut as above.

τ− → a−
1 ντ → π−π0π0ντ

As for the two-pion final state several cases are considered. Besides the requirement
of one good track in the hemisphere there should be either two π0’s, or one π0 and one
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good photon, or two good photons. In the last case the track must be identified as a pion.
In addition the following mass cuts are applied: 0.6 GeV/c2 < mππ0 < 1.2 GeV/c2 and
mππ0π0 < mτ .

τ− → a−
1 ντ → π−π+π−ντ

The hemisphere must have three good tracks with at least one track identified as pion,
no good photon, one π+π− invariant mass greater than 0.56GeV/c2, and an invariant
mass of the 3π system smaller than the τ mass.

Besides events with both hemispheres classified, events with only one identified
hemisphere are also retained if the unknown hemisphere (X) has exactly one or three
good charged tracks. The results of the selection and the number of events used in the
analysis can be found in Tables 2 and 3.

Table 3: The 27 decay combinations and the number of reconstructed events (Unidentified
hemispheres are labelled X)

Class Events Class Events Class Events
e-e 4106 µ-ρ 12311 ρ-ρ 8059
e-µ 8379 µ-π2π0 3228 ρ-π2π0 4305
e-π 4897 µ-3π± 3715 ρ-3π± 4868
e-ρ 11686 µ-X 8435 ρ-X 11386
e-π2π0 3051 π-π 1293 π2π0-π2π0 588
e-3π± 3627 π-ρ 6689 π2π0-3π± 1298
e-X 8431 π-π2π0 1785 π2π0-X 2972
µ-µ 4543 π-3π± 2046 3π±-3π± 680
µ-π 5056 π-X 4771 3π±-X 3305

Total number of events used: 135510

5 Reconstruction of the τ direction of flight

As already mentioned in Section 1, the full sensitivity of the decay distributions with two
and three pions in the final state can only be exploited if the τ lepton rest frame is known.
This requires the reconstruction of the τ direction of flight in the laboratory.

In events with both τ leptons decaying hadronically, under the assumption that no
photon is radiated in the τ production process, the reconstruction of the directions of the
τ momenta ~k+ and ~k− from the four-momenta (E+, ~p+) and (E−, ~p−) of the two hadronic
systems (Fig. 2) is possible by means of the following equations [30]:

k̂+ = −k̂− = a p̂+ + b p̂− + c
(p̂+ × p̂−)

|p̂+ × p̂−| , (25)
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Figure 2: Definition of the vectors used for the τ direction reconstruction

a =
cos θ+ + (p̂+ · p̂−) cos θ−

1− (p̂+ · p̂−)2
, b = −cos θ− + (p̂+ · p̂−) cos θ+

1− (p̂+ · p̂−)2
,

c = ±
√

1− a2 − b2 − 2ab(p̂+ · p̂−) ,

cos θ± =
2EτE± −m2

τ −Q2
±

2|~p±|
√

E2
τ −m2

τ

,

where θ± are the angles between the directions of the τ leptons k̂± and the hadrons p̂±,
Q2
± = E2

± − ~p2
±, Eτ is given by the beam energy Ebeam, and p̂ is the unit vector along ~p.

Equation 25 above reveals an ambiguity in the sign of the coefficient c. Taking into
account the fact that the decay vertices of the two τ leptons are separated allows this
ambiguity to be resolved. The additional information used to decide between the two
solutions is provided by the sign of the scalar product of the normal to the plane defined
by the two hadronic systems (p̂+ × p̂−) and the minimal distance ~dmin of the charged
tracks of the two τ decays [23, 31].

Figure 3 shows that the reconstruction of the vector ~dmin is well modelled by the
detector simulation. The correct solution for the sign of c is chosen in 65% of the events. In
about 22% of the events the coefficient c cannot be computed due to effects like initial state
radiation or detector resolution. Taking in these cases for the τ direction its projection
onto the plane spanned by the two hadronic systems (by setting c = 0) still gives a good
approximation of the true direction of flight. The resolution estimated from the Monte
Carlo and averaged over all events with a reconstructed τ direction is 13.0 mrad. If only
a single solution can be computed the resolution is 15.9mrad, compared to a resolution
of 12.3mrad for the chosen direction when the coefficient c can be computed.
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Figure 3: Comparison between data and Monte Carlo: a) length of the projection of ~dmin onto
the chosen τ direction and b) cosine of the angle between ~dmin and ~kτ

6 Analysis method

As discussed in Section 2, the variables which are sensitive to the polarisation are also
suitable for the measurement of the Michel parameters.

For the decay modes e, µ, and π, the reduced energy x = E/Ebeam is used. For µ
and π the energy is computed from the curvature of the track measured in the tracking
devices, whereas for the electron the energy is measured with the wires in the ECAL
including also the bremsstrahlung photons. For events with unidentified hemispheres,
only the identified hemisphere information contributes to the measurement.

In the case of the final states with two or three pions, the optimal observables
ωρ = Gρ/Fρ and ωa1 = G1

a1
/Fa1 , defined in Section 2.2, are used. In events with both

τ leptons decaying hadronically, the τ direction is reconstructed and ω is determined in
each hemisphere from the full set of kinematic variables. For events with a leptonic or
unidentified decay in the opposite hemisphere the τ direction is not known and hence the
dependence of the functions F and G on the angle α is integrated out with a corresponding
loss of sensitivity to ξh of the resulting ω distribution. The spectra for the various decay
modes are shown in Fig. 4 with the Standard Model Monte Carlo [32] prediction.

6.1 Fitting procedure

In order to exploit the spin-spin correlation of the two τ leptons, the parameters are
extracted by a binned maximum likelihood fit to two-dimensional distributions obtained
from the 27 decay combinations (Table 3) which can be constructed from the six decay
modes eν̄eντ , µν̄µντ , π(K)ντ , ππ0ντ , ππ0π0ντ , ππ+π−ντ , and unidentified decays.
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The fit relies on simulated reference distributions which are constructed by reweighting
the standard τ Monte Carlo [32]. For example, in the case of a hadron-hadron
correlation, where the correlated spectrum is given by Eq. 23, they are the two-dimensional
distributions fh1fh2 , gh1gh2, fh1gh2, and fh2gh1 . This method ensures that all effects such
as radiative corrections, resolution and selection are automatically taken into account in
the reference distributions. The fit of a normalized linear combination of these reference
distributions to the data, by varying the coefficients, yields the values of the unknown
parameters.

Assuming a Poisson distribution in the individual bins, the likelihood function is given
by the following expression:

L =
11∏

S=1

27∏

C=1

n∏

B=1

exp (−ES,C,B)(P)ES,C,B(P)NS,C,B

NS,C,B!
, (26)

n∑

B=1

ES,C,B(P) = Ndata
S,C .

The symbol P =
(
ρe, ξe, (ξδ)e, ηµ, ρµ, ξµ, (ξδ)µ, , ξπ, ξρ, ξa1 , Pτ

)
denotes the set of

parameters to be measured. The parameter ηe is set to zero and the polarisation
parameter3 Pτ is let free to avoid biases on the Michel parameters, mainly ρµ and ρe.

N is the number of events observed in the data. S runs over the 11 data samples which
correspond to the five years of data taking, and running at the Z peak and at off-peak
energies. The letter C designates one of the 27 decay combinations and B a data bin.

The distributions of the Z peak data are divided into 15 × 15 bins and, due to the
lower statistics, the off-peak histograms are split into 10× 10 bins only.

The expectation ES,C,B(P) in each bin is obtained by the following sequence of operations.

• The reference distributions for the considered data sample and decay combination
are linearly combined. The coefficients are computed from the values of the
parameters which are varied during the fit.

• The distributions for τ background due to wrong decay combinations are added.
The background distributions are computed for the two τ− helicities assuming the
Standard Model values of the decay parameters and their respective contributions
are determined by the value of the Pτ parameter.

• The non-τ background (Bhabha events, µ pairs, hadronic events, and γγ events) is
added.

• The ES,C,B(P) expectation is normalized to the number of events in the data
distribution.

3With the present notations, the polarisation measured in the standard analysis [23] is ξhPτ for a
hadronic channel and approximately ξlPτ − (4/3)[ρl − 3/4] for a leptonic one
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6.2 Results of the fit

The values of the parameters given by the maximum likelihood fit are presented in Table 4
and their correlation matrix in Table 5.

Table 4: Results of the fit with statistical errors only. The right column gives the values
expected for a pure V −A interaction

Parameter Fit result SM
ρe 0.747 ± 0.019 0.75

(ξδ)e 0.788 ± 0.066 0.75
ξe 1.011 ± 0.094 1.00
ηµ 0.160 ± 0.150 0.00
ρµ 0.776 ± 0.045 0.75

(ξδ)µ 0.786 ± 0.066 0.75
ξµ 1.030 ± 0.120 1.00
ξπ 0.994 ± 0.020 1.00
ξρ 0.987 ± 0.012 1.00
ξa1 1.000 ± 0.016 1.00

Table 5: The correlation matrix for the fit

(ξδ)e ξe ηµ ρµ (ξδ)µ ξµ ξπ ξρ ξa1

ρe 0.00 −0.23 −0.02 0.02 0.00 −0.02 0.10 0.00 0.00
(ξδ)e 0.05 0.01 0.00 0.00 −0.02 −0.12 0.01 0.01
ξe 0.01 0.01 −0.02 −0.01 −0.06 −0.02 −0.01
ηµ 0.91 0.29 0.58 0.03 −0.02 −0.01
ρµ 0.25 0.45 0.06 −0.02 −0.01

(ξδ)µ 0.14 −0.07 −0.02 −0.01
ξµ −0.01 −0.04 −0.02
ξπ −0.28 −0.20
ξρ −0.08

The value of Pτ given by the fit is in agreement with the results of the measurement
in the framework of the Standard Model [23] but with a larger error. The errors on the
parameters ηµ and ρµ have a correlation of 91% which is due to the underlying decay
distribution. As a consequence the error on ρµ is rather large. This is in contrast to
the electron channel where the error on ρe is smaller because the decay distribution is
insensitive to ηe. In the fit ηe has been fixed to 0; fixing also ηµ results in an error on ρµ

comparable to that on ρe.

Since the constants Gl defined in Eq. 1 are related to the τ leptonic partial widths by
Eq. 10, under the hypothesis of e-µ universality Gµ = Ge, the η parameter is constrained
by the measurement of the τ leptonic branching ratios. To impose this constraint on the
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fit, a term

lnLbr = −1

2

(ηl − ηbr)
2

(∆ηbr)2
, (27)

where ηbr is the value of ηl deduced from the branching ratio measurements [33], is added
to the log-likelihood function. The precise sensitivity of the branching ratios to ηl, needed
to determine ∆ηbr, is computed from the exact decay distribution [34], taking into account
the acceptance cut on the low energy muons. The value obtained is ηbr = 0.001± 0.027.

The values of the parameters given by the fit performed under the assumptions of
universality and ξπ = ξρ = ξa1 are given in Table 6 with their errors and correlations.

Table 6: Results of the fit and correlation matrix, under the assumptions of e-µ universality
and ξπ = ξρ = ξa1

Parameter Fit result SM
ηl 0.012 ± 0.026 0.00
ρl 0.742 ± 0.014 0.75

(ξδ)l 0.776 ± 0.045 0.75
ξl 0.986 ± 0.068 1.00
ξh 0.992 ± 0.007 1.00

ρl (ξδ)l ξl ξh

ηl 0.26 0.05 0.08 0.00
ρl 0.03 −0.19 0.10

(ξδ)l 0.05 −0.11
ξl −0.09

7 Systematic uncertainties

All systematic errors arising from the uncertainties in the Monte Carlo simulation are
discussed in the following and summarized in Table 7. Illustrations of the procedures
used for their determination are presented in Figs. 5 to 7. Most of the tools used in the
present analysis were also employed for the measurement of the τ polarisation described
in [23], where a more detailed discussion can be found.

Good calibration of the TPC and the electromagnetic calorimeter are crucial for a
reliable measurement of the parameters. This analysis also profits from the thorough
refinement of the TPC and ECAL calibrations using Bhabha and µ-pair events, which
was done for the τ polarisation analysis [23] to reduce the related uncertainties. To
estimate the uncertainties due to the TPC calibration, twice the errors on the sagitta
measurement and the absolute momentum normalization are taken. The results are given
in Table 7 in column “TPC”.
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Table 7: Systematic uncertainties in units of 10−2 from the following sources: momentum
measurement from tracking in the magnetic field (TPC), energy measurement in the ECAL
(ECAL), τ pair selection (SEL), normalization of the non-τ background (BKG), charged particle
identification (PID), photon and π0 detection efficiency (γ/π0), Monte Carlo statistics (MC),
and the τ branching fractions assumed in the Monte Carlo (τBF). The lower part of the table
shows the uncertainties under the assumptions of e-µ universality and ξπ = ξρ = ξa1

TPC ECAL SEL BKG PID γ/π0 MC τBF
ρe — 0.7 0.5 0.2 0.4 — 0.7 0.4

(ξδ)e — 0.3 0.4 0.1 0.3 — 2.2 1.0
ξe — 0.4 1.5 0.2 1.4 — 3.4 0.6
ηµ 1.5 — 0.8 0.5 2.5 — 4.9 1.7
ρµ 0.9 — 0.2 0.3 0.5 — 1.4 0.5

(ξδ)µ 0.5 — 0.6 1.0 0.9 — 2.2 1.2
ξµ 0.4 — 0.7 0.5 0.8 — 4.8 0.8
ξπ 0.3 0.4 0.6 0.0 0.6 0.2 0.7 0.6
ξρ 0.1 0.4 0.4 0.0 0.2 0.8 0.5 0.1
ξa1 0.3 0.3 0.6 0.0 0.2 0.6 0.7 0.6

TPC ECAL SEL BKG PID γ/π0 MC τBF
ηl 0.1 0.1 0.1 0.1 0.4 — 0.3 0.2
ρl 0.1 0.1 0.2 0.1 0.3 — 0.5 0.2

(ξδ)l 0.6 0.2 0.5 0.1 1.5 — 1.6 0.5
ξl 0.4 0.5 1.0 0.2 1.4 — 2.5 0.7
ξh 0.1 0.3 0.1 0.0 0.1 0.3 0.2 0.2

The errors arising from the ECAL are independently estimated for the wires used to
measure the electron energy and the pads necessary for the identification of photons; the
barrel and endcaps are also treated separately. An uncertainty due to saturated signals
in the ECAL is determined by varying the measured value of the saturation constant
within its error (1σ); the uncertainties on the calibration are assessed by evaluating the
differences between data and Monte Carlo using Bhabha events. Finally, the uncertainty
in the measurement of the photon energy in the ECAL due to the photon clustering
algorithm, which affects the hadronic final states [23], is estimated. All uncertainties due
to the calibration of the ECAL are combined in Table 7, column “ECAL”.

The effects of the selection procedure are estimated by defining suitable test samples
in data and Monte Carlo in the same way. The dependence on the relevant variables
used in the measurement of the ratio data/MC of the efficiencies relative to the tests
samples is studied. Whenever possible a linear fit to the ratio is performed, the error on
the slope, or the slope itself if larger than the error, is then used to reweight the Monte
Carlo distributions. The systematic uncertainties are estimated by redoing the fit with
the new distributions. Deviations from linearity, if present, are taken into account.

For the test of the ττ selection a sample of lepton-lepton events is defined by loosening
the cuts, especially the energy cuts. This results in a much larger fraction of background
events in the critical regions around x = 1 and small x, which is also used to check
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the normalization of the non-τ background in the Monte Carlo. The statistical error
from the comparison of data and Monte Carlo is taken as the systematic uncertainty
of the background normalization. It depends on the year of data taking and ranges
between 20% and 30%. The uncertainties resulting from these studies are given in Table 7,
columns “SEL” and “BKG”.

The identification of electrons and muons can be tested using tracks from Bhabha
events, µ pairs, and γγ events with ee and µµ final states. Two-track events are
selected using one track identified as an electron or muon to tag the track in the opposite
hemisphere. In order to obtain clean test samples, cuts on the momenta of the tracks,
the missing mass in the event, or the acollinearity angle are applied. In addition, muon
candidates should not be accompanied by a substantial energy deposit in the ECAL.
The test sample for pion identification (Fig. 5) is selected directly from τ decay. The
test sample consists of tracks accompanied by clean π0’s and tracks from three-prong
hemispheres, the other two tracks being identified as pions. The remaining background
in the test samples is subtracted. These test samples are used to estimate the systematic
errors given in Table 7, column “PID”, by means of the procedure described above. The
uncertainty due to particle identification also contains effects from misidentification.

The likelihood estimator used to reject fake photons might have an identification
efficiency for photons which differs in data and Monte Carlo. To assess this possible effect
a sample of good photons from well defined π0’s is selected by using one of the photons
for tagging and the other for testing. The ratio data/MC of the efficiencies on this test
sample as a function of the photon energy (Fig. 6) is used to determine the systematic
uncertainty. Since there are small differences in the energy spectra of the π0’s between
data and Monte Carlo, a systematic error on the π0 reconstruction is estimated from
the ratio of these spectra. Finally the uncertainties related to the additional cuts of the
hemisphere identification, such as the calorimetric selection for pions, the mass cuts in
two- and three-pion final states, and the cut on the number of photons for π±ντ and 3π±ντ

are evaluated from the ratios of “pseudo-efficiencies”. These pseudo-efficiencies (Fig. 7)
are the ratios of the numbers of events before and after the cut is applied. The errors
resulting from these uncertainties are summarized in Table 7 in column “γ/π0”.

Differences in the reconstruction of the τ direction of flight between data and Monte
Carlo should show up in the first Euler angle α (Section 2.2), which can only be computed
when the τ direction is known. Therefore the distributions of this angle for data and
Monte Carlo are used to assess these systematic uncertainties. The resulting errors are
∆ξρ = ±0.001 and ∆ξa1 = ±0.002. The effects on ξπ are negligible.

An important source of uncertainty is the finite Monte Carlo statistics used to generate
the reference distributions. This error is determined by allowing the number of events in
all bins to fluctuate assuming a Poisson distribution and refitting. With this procedure
repeated several hundred times, the statistical error due to the Monte Carlo is given by
the width of the Gaussian distributions of the individual fitted parameters. The same
procedure is applied for the distributions from τ background and non-τ background. The
combined errors are listed in Table 7 in column “MC”.

The uncertainty coming from the branching ratios implemented in the Monte Carlo,
which affects the shape of the background, is assessed by varying the branching ratios
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within their errors (1σ). It appears in the column “τBF” of Table 7.

The model dependence of the hadronic current for the three-pion final states has also
a systematic effect on the results. This uncertainty is evaluated, as in the τ polarisation
measurement [23], by trying different models [35–37] and changing their parameters in
the limits allowed by the data. Nevertheless, instead of the three Gi

a1
functions used to

construct ωa1 in the τ polarisation analysis, only one function (G1
a1

) is employed here.
Variations in ξa1 between +0.005 and −0.020 are found, showing that at the level of
precision reached now the model dependence is the dominant uncertainty on ξa1 . Since
no model can be claimed to be definitely established, care must be taken in interpreting the
result for ξa1 and the larger of the two values is put as theoretical systematic uncertainty
in the final result.

8 Results and conclusion

A precision measurement of the Michel parameters of the τ lepton and the ντ helicity
has been presented, exploiting the full statistics of τ+τ− pairs collected with the ALEPH
detector at LEP. The sensitivity to the chirality parameters ξρ and ξa1 has been increased
by about a factor of two by using the information from the reconstruction of the τ direction
of flight. The results of this analysis, for the Michel parameters and the hadronic chirality
parameters (ντ helicity), are

ρe = 0.747 ± 0.019 ± 0.014,

(ξδ)e = 0.788 ± 0.066 ± 0.024,

ξe = 1.011 ± 0.094 ± 0.038,

ηµ = 0.160 ± 0.150 ± 0.060,

ρµ = 0.776 ± 0.045 ± 0.019,

(ξδ)µ = 0.786 ± 0.066 ± 0.028,

ξµ = 1.030 ± 0.120 ± 0.050,

ξπ = 0.994 ± 0.020 ± 0.014,

ξρ = 0.987 ± 0.012 ± 0.011,

ξa1 = 1.000 ± 0.016 ± 0.013 ± 0.020;

and, under the assumptions of e-µ universality and ξπ = ξρ = ξa1 ,

ηl = 0.012 ± 0.026 ± 0.004,

ρl = 0.742 ± 0.014 ± 0.006,

(ξδ)l = 0.776 ± 0.045 ± 0.024,

ξl = 0.986 ± 0.068 ± 0.031,

−〈hντ 〉 = ξh = 0.992 ± 0.007 ± 0.006 ± 0.005.

The errors are the statistical and the experimental systematic errors, the third error
is due to the uncertainties in the model for the three-pion final state. The values of the
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parameters defined by Equations. 7 and 8 are

Sτ
R = −0.023± 0.031± 0.016 , Pτ

R = −0.025± 0.041± 0.022

with a correlation coefficient C(Sτ
R,Pτ

R) = 0.90.

The values obtained for the Michel parameters and the ντ helicity are in good
agreement with measurements from other experiments [17–19,38–44]. No significant
deviation from the pure V − A interaction assumed in the Standard Model is observed.

Acknowledgements

We wish to thank our colleagues from the accelerator divisions for the excellent operation
of LEP. We are indebted to the engineers and technicians in all our institutions for their
contribution to the good performance of ALEPH. Those of us from non-member states
thank CERN for its hospitality.

References

[1] W. Fetscher, H.-J. Gerber and K.-F. Johnson, Phys. Lett. B 173 (1986) 102

[2] D.-E. Groom et al. (Particle Data Group) Eur. Phys. J. C 15 (2000) 1

[3] ALEPH Collaboration, Michel Parameters and τ Neutrino Helicity from Decay
Correlations in Z→ τ+τ− , Phys. Lett. B 346 (1995) 379; 363 (1995) 265 (erratum)

[4] L. Michel, Nature 163 (1949) 959; Proc. Phys. Soc. 63A (1950) 514

[5] C. Bouchiat and L. Michel, Phys. Rev. 106 (1957) 170

[6] L. Okun and A. Rudik, Sov. Phys. JETP 5 (1957) 520

[7] T. Kinoshita and A. Sirlin, Phys. Rev. 108 (1957) 844

[8] F. Scheck, Phys. Rep. 44 (1978) 187

[9] W. Fetscher, Phys. Rev. D 42 (1990) 1544
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[31] J.-H. Kühn, Phys. Lett. B 313 (1993) 458

[32] S. Jadach, B.-F.-L. Ward and Z. Wa̧s, Comput. Phys. Commun. 79 (1994) 503

[33] ALEPH Collaboration, Measurement of the tau leptonic branching ratios at LEP I,
ALEPH 99-014 (CONF 99-009)

[34] A.-M. Sachs and A. Sirlin, Muon decay, in Muon Physics, V.-W Hughes and C.-S. Wu
eds. (Academic Press, New York 1975)

[35] N. Isgur, C. Morningstar and C. Reader, Phys. Rev. D 39 (1989) 1357
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