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Abstract

Final states with charged kaons in three-prong � decays are studied by exploit-

ing the particle identi�cation from the dE/dx measurement. The results are based

on a sample of about 1:6 � 105 detected � pairs collected with the ALEPH de-

tector between 1991 and 1995 around the Z peak. The following branching ratios

have been measured: B(�� ! K�K+���� ) = (1:63 � 0:21 � 0:17) � 10�3,

B(�� ! K��+���� ) = (2:14 � 0:37 � 0:29) � 10�3, B(�� ! K�K+���0�� ) =

(0:75� 0:29� 0:15)� 10�3, andB(�� ! K��+���0�� ) = (0:61� 0:39� 0:18)� 10�3.

The �rst two measurements are more precise than the current world averages, while

the last two channels are investigated for the �rst time. The 95% C.L. upper limit

on the branching ratio for the decay �� ! K�K+K��� is 0:19 � 10�3. A study

of intermediate states occurring in the K�K+���� and K��+���� decays is also

presented.

(To be submitted to Zeitschrift f�ur Physik C.)

1See next pages for the list of authors.
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1 Introduction

The study of � decays into strange particles is important in order to test low-energy

QCD phenomenology [1], SU(3)-symmetry breaking [2] and meson theories [3, 4, 5, 6].

Experimentally, such studies are well advanced for one-prong � decays while the situation

is still quite poor for the three-prong �nal states. This is due in part to the relatively

small branching ratios and the di�culty in identifying charged particles in a three-track

environment, especially at the LEP energies where the produced � leptons are strongly

Lorentz-boosted.

This paper describes an investigation of three-prong � decays involving charged kaons

with the measurement of the branching ratios for the decays �� ! K��+��(�0)�� and

�� ! K�K+��(�0)�� as the main goal (throughout this paper charge-conjugate states

are implied). For convenience a same-sign (opposite-sign) charged particle is de�ned to

have the same (opposite) charge as the parent � . Since the W� boson only couples to

�ud or �us pairs in �� decay, the weak current produces states with strangeness S = 0;�1
only, and consequently the K+����(�0) and K�K��+(�0) hadronic systems should not

be produced. It is therefore possible to identify K�K+K� and K�K+��(�0) �nal states

by tagging the opposite-sign kaons, while the decay modes with K��+��(�0) can be

selected with their characteristic same-sign kaons after subtracting the K�K+K� and the

K�K+��(�0) contributions. This correspondence is exploited by �tting dE/dx spectra

separately for same- and opposite-sign tracks, thus obtaining the relevant branching

fractions without having to identify all three particles in the �nal state. This procedure

is based on a precise recalibration of the track dE/dx in the environment of the closely

bunched three-prong jet of � decays.

A more complete particle identi�cation is applied in order to study the dynamics of

these decays, particularly the resonance structure. Cuts are applied on the dE/dx of

all tracks, enhancing the purity of the K�K+�� and the K��+�� samples at a cost

in e�ciency. Of special interest is the production of possible intermediate states such

as K�� and K� proceeding through the K��+�� decay, since their relative ratio can

distinguish the two axial strange resonances K1(1270) and K1(1400). This ratio can be

used to estimate the SU(3)-symmetry breaking for the I = 1=2 members of the two

octets [2]. Since the K1(1270) is expected to also decay into K!, it is interesting to study

the K��+���0 channel, which provides another handle on axial resonance production.

The results presented here are based on the data collected by ALEPH from 1991 to

1995, corresponding to 201,753 produced � pairs.

2 The ALEPH detector

A detailed description of the ALEPH detector can be found elsewhere [7]. Only the most

important features relevant for this analysis are brie
y mentioned in the following.

Charged particle momenta are measured by a magnetic spectrometer consisting of a

precision vertex detector, a cylindrical drift chamber (the inner tracking chamber or ITC),

and a large time projection chamber (TPC). A 1.5 T axial magnetic �eld is provided

by a superconducting solenoidal coil. The transverse momentum resolution for high-
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momentum tracks is �pt=pt = 6� 10�4pt, with pt in GeV/c. Photons are measured with

an energy resolution �E=E=0.18/
p
E, with E in GeV, in the electromagnetic calorimeter

(ECAL), a 22-radiation-length sandwich of lead plates and proportional wire chambers.

The �ne readout segmentation in solid-angle (0.9��0.9�) is essential for high-energy

�0 reconstruction and the three-fold longitudinal segmentation allows a check of the

electromagnetic nature of the detected showers. The 1.2 m thick iron return yoke of the

magnet is interleaved with 23 layers of streamer tubes and acts as a hadronic calorimeter

(HCAL).

In the data sample used for this analysis, all components of the detector were required

to be operational. Furthermore, one of the following trigger conditions was required: a

minimum ECAL energy of 6 GeV, or a track segment in the ITC pointing to an energy

deposit in ECAL of at least 1.2 GeV, or a track segment in the ITC matching the signal

of a penetrating particle in HCAL. By comparing redundant and independent triggers

involving the tracking detectors and the main calorimeters, the trigger e�ciency for �

pair events is estimated to be better than 99.99% within the selection criteria used in this

analysis.

Of prime interest for this analysis is the measurement of the ionization deposited by

charged particles traversing the TPC gas (at atmospheric pressure) which is sampled up to

338 times on the sense wires of the TPC endplates. To avoid the large 
uctuations caused

by �-rays, a truncated mean is used, leaving aside the largest 40% of values. Because three-

prong � decays su�er from track overlap compared to one-prong � decays, the average

K=� separation decreases from 2.5 � for the one-prong to 1.9 � for the three-prong �

decays.

3 Three-prong � event selection

The standard ALEPH �+�� selection described in Ref [8] is applied. Each event is

divided into two hemispheres by means of a plane perpendicular to the thrust axis.

The three-prong � events are required to have exactly three good charged hadrons,

each of which must have at least four TPC coordinates, an impact parameter d0 in the

plane perpendicular to the beam direction smaller than 2 cm, and the distance from the

interaction region along the beam axis within �10 cm. The contamination from e+e�

pairs is estimated by Monte Carlo to be less than 10�4 and is therefore neglected.

In order to separate the �nal states with or without an additional �0, a standard

photon and �0 recognition algorithm is applied [8]. Photon candidates are recognized as

conversions or identi�ed by studying their shower development in ECAL. A �0 candidate

is reconstructed by either pairing two photons to form a resolved �0, or by means of an

energy-weighted moment technique (referred to as unresolved �0's). The remaining single

photons are assumed to originate from the asymmetric �0 decay or the high-energy �0's

producing a single cluster in ECAL.

To remove the background of hadronic Z decays, the opposite hemisphere to the

selected one is required to be a � -like hemisphere with only one charged track or an

invariant mass smaller than 0.8 GeV/c2. The product of the number of objects (charged

tracks and neutral showers) in each hemisphere has to be smaller than 40 and the sum of

2



the maximum angle between two tracks in each hemisphere is required to be smaller than

0.25 rad. Using these selection criteria, samples with 24,669 3h��� and 7,946 3h��0��
decays are selected with non-� q�q background contributions estimated to be (0:27�0:09)%
and (0:59� 0:20)%, respectively.

4 dE/dx recalibration for three-prong � decays

The general ALEPH dE/dx calibration for hadronic events is described elsewhere [7]: a

parametrization of the Bethe-Bloch formula is �tted to data providing the expected value

of the energy loss for a given particle type. However, at LEP, charged tracks in three-

prong � decays are usually very close to each other. The dE/dx reconstruction requires a

separation between two tracks of at least 3 cm in the z direction (where z is de�ned along

the e� beams), in order to use the corresponding hits. As a result, the number of samples

(NS) for dE/dx measurement is much reduced when compared to the situation prevailing

with isolated tracks as found in one-prong decays. Since the expected means of the dE/dx

for di�erent particles are determined from �ts to dE/dx in hadronic and leptonic events,

including both isolated and overlapping tracks, the dE/dx value and the corresponding

resolution are not precise enough for the situation of the very collimated jet of tracks

found in three-prong � decays. For this reason, the dE/dx recalibration performed for

one-prong � decays [9] is not suitable either. A di�erent calibration procedure is therefore

designed for this analysis.

Tracks used for the calibration must have a good dE/dx measurement with a minimum

of 40 initial samples and with no large dE/dx deposit (less than twice minimum-ionizing).

There are (76:0 � 0:5)% of data and (75:8 � 0:3)% of Monte Carlo tracks in the three-

prong � decays satisfying this requirement. The track overlap has a dominant e�ect on

the NS distribution. Instead of �nding the ideal 338 maximum samples for each charged

track, the average NS is reduced to around 200. The situation of track overlap in three-

prong � events is illustrated in Fig. 1; it is clear that the track overlap is the overwhelming

feature controlling dE/dx behaviour and calibration in three-prong � decay. The extent

of track overlap is expected to depend on the angle between any two charged hadrons

as shown in Fig. 2. The number of samples is found to be sensitive to the angle in the

r�z plane only, which is expected since ionization electrons drift along the z axis onto the

wires of the TPC detectors. A good agreement between data and Monte Carlo is observed

in both plots, indicating that the simulation of the two-track overlap is satisfactory.

In the process of the dE/dx recalibration, the small kaon content is ignored in the

�rst-order step, designed to correct the most signi�cant detector e�ects. The relevant

variable x� is de�ned as

x� =
R �R�

��
; (1)

where R, R� and �� are the measured dE/dx, the expected value for pions, and the

corresponding standard deviation. O�sets in the x� distribution are governed by the

following factors: (i) the period of data acquisition; (ii) the polar angle of the track; (iii)

the number of samples; and (iv) the track curvature. The expected mean dE/dx of the

pion and its resolution are corrected accordingly. These corrections are applied for each of

3
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Figure 1: The distributions of the number of dE/dx samples in the TPC for data (dots)

and Monte Carlo (histograms). a) one-prong decays, b) same-sign particles in three-prong

decays, and c) opposite-sign particles in three-prong decays.The peak observed near to

NS � 185 is related to the geometry of the TPC sectors.
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Figure 2: The average number of dE/dx samples in the TPC as a function of the minimum

angle between two charged hadrons in the r-z plane for data (dots with error bars) and for

Monte Carlo (open circles). a) same-sign tracks and b) opposite-sign tracks are studied

separately. For a same-sign track the angle is de�ned with respect to the other same-sign

track, while for an opposite-sign track it is taken as the smallest angle with respect to each

of the two same-sign tracks.
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the two modes 3h� and 3h��0, with the same- and opposite-sign tracks treated separately,

since the latter su�er less from overlap. A simple Gaussian is �tted to the resulting x�
distribution, thereby yielding calibration parameters for R� and ��, so that the average

of x� and its standard deviation are equal to 0 and 1, respectively.

A second-order absolute recalibration for pions is performed using samples in the 3h���
mode with a kaon-reduced content. Either of the two mass combinations should satisfy

M�+�� � 0:85 GeV/c2 for same-sign tracks and M�+�� � 0:8 GeV/c2 for opposite-sign

tracks: these cuts are designed to reduce the number of kaons from both the K��+����
and the K�K+���� decay modes. As a result, the relative kaon fraction is reduced by

a factor of about 2 for the same-sign tracks and 3 for the opposite-sign tracks. With

this kaon-reduced samples, Gaussian �ts are again performed. The small remaining kaon

contribution can still somewhat bias the calibration parameters, and it will be corrected

for in the �nal pion calibration (Section 6).

For the 3h��0�� mode, a direct pion sample can be selected by tagging the charged

tracks from the ! decay in �� ! ! h��� , satisfying j M

 � M�0 j � 80 MeV/c2 and

j M�+���0 � M! j � 40 MeV/c2. With this sample, the second-order recalibration

for the 3h��0�� mode is performed without the in
uence of kaon contamination present

in the above �rst-order recalibration.

Finally, the pion resolution function F�(x�) in three-prong � decays is directly obtained

from the ! sample. This function is slightly asymmetric and is parametrized by a sum of

two Gaussians (Fig. 3), �xing the parameters for the �rst Gaussian at the expected values

of 0 and 1 and leaving the parameters for the second Gaussian free to �t a small tail in the

high side of x�. This �rst-order parametrization of the pion dE/dx resolution is limited

by the statistics of the ! sample. A better estimate will be performed in Section 6, using

the full statistics of the three-prong sample while �tting the kaon component. The �nal

and most precise calibration of �x�(�) and ��(�) will then be obtained.

5 Modelling the kaon signal

The � Monte Carlo samples are generated by the standard KORALZ generator [10], where

the form factors for three-prong � decays are derived from Ref [4]2. Some signi�cant

discrepancies in the resonance structure are observed between the model predictions and

the data as described in the following sections. The e�ciencies for K�� and KK� modes

are computed after making corrections to the model. The � decay channels K�K+���0�� ,

K��+���0�� and K�K+K��� have not been considered before and are not included in

the decay library of KORALZ. To remedy this defect, a phase-space generator is used to

describe the �rst two channels. For the K�K+K��� channel, a K� �nal state is assumed,

which is conservative with respect to the e�ciency since only an upper limit will be set.

The relevant e�ciencies for signal and feedthrough background channels with a correction

described in Section 8.1 are given in Table 1. In addition, a sample of 5.8 million Monte

Carlo hadronic Z decay is generated with JETSET7.4 [11] to be used for the background

2It has been pointed out in Ref [5] that the expression for the vector part in the K�K+���� channel

of the Decker et al. model [4] is incorrect because of a violation of G parity. This has been corrected in

the present analysis.
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estimation.

6 Fitting the kaon fraction

6.1 The x� distribution for kaons

The expected shape of the kaon contribution in the x� distribution is derived from the

pion resolution function F�(x�) given in Section 4 assuming

FK(xK) = F�(x�) : (2)

Values for the reduced variable xK de�ned analogously to (1) are generated according to

the distribution (2). The resulting distribution expected in the x� variable reads

GK(x�) =
�c
�

�c
K

FK(
x��

c
� +Rc

� � Rc
K

�c
K

) ; (3)

where Rc
�;K and �c

�;K are the track parameters assuming a pion or kaon type and corrected

as described in Section 4 using the calibration variables, in particular, the momentum and

the number of dE/dx samples.

Because the �t of the x� distribution is performed by integrating over all �nal state

variables, Monte Carlo modelling of the decay modes with kaons plays an important role

in deriving the �nal kaon distribution. Another factor is the simulation of the dE/dx
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Mode 3h��� 3h��0��
E�ciency �(K�) (%) �(K+) (%) �(K�) (%) �(K+) (%)

K��+�� 38.20 � 0.68 � 0.87 � 0.09 �

K�K+�� 28.83 � 0.69 32.73 � 0.74 0.87 � 0.14 0.97 � 0.16

K��+���0 3.02 � 0.39 � 19.50 � 0.49 �

K�K+���0 2.31 � 0.24 3.22 � 0.29 9.20 � 0.30 11.53 � 0.33

K�K0 7.74 � 0.35 � 0.16 � 0.05 �

K�K0�0 0.71 � 0.12 � 3.30 � 0.25 �

Table 1: Single particle(same-sign and opposite-sign) e�ciencies in each channel involved

in this analysis. Errors are statistical only.

measurement as far as the track overlap is concerned. Both aspects need to be studied

for the systematic e�ects and to obtain the corresponding uncertainties (Section 8).

The x� distribution of hadrons in data is �tted with the following expression

1

N

dN

dx�
= (1� fK)F�(x�; �x�; ��) + fKGK(x�; �x�; ��) ; (4)

where N is the total number of tracks, and the �nal calibration parameters in the pion

resolution function (2) are used.

6.2 Final pion calibration and x� shape determination

The technique of statistical particle identi�cation requires a precise description for the x�
distribution of pions, since the kaon fraction is expected to be small. The �nal three-prong

sample is used to get the most accurate pion resolution function with its �nal calibration.

Because the ! sample has been used, there is no bias in the second-order recalibration

for the 3h��0 samples. However, due to the di�erence of kaon contamination in the

second-order dE/dx recalibration, the 3h� same-sign and the 3h� opposite-sign samples

are �rst treated separately in order to correct the biases. A three-parameter �t of the

x� distribution using F�(x�) from the ! sample is performed to extract the kaon fraction

and the x�(�) parameters for the calibration. The relevant kaon distribution is derived

as discussed in Section 6.1. The �t results for �x�(�) and ��(�) are: 0:004 � 0:007 and

1:001 � 0:005 for the same-sign tracks; and 0:000 � 0:009 and 0:998 � 0:007 for the

opposite-sign tracks. These pion calibration corrections are applied to the corresponding

3h� samples.

It is now justi�able to combine all data together including same- and opposite-sign

tracks, and 3h� and 3h��0 �nal states, since the dE/dx recalibration applied following the

procedure described in Section 4 takes into account the dependence on momentum and

number of samples. While the distributions of these variables are �nal-state dependent,

the actual corrections parametrized as functions of p and NS are not.

In Fig. 4 the x� distribution is shown for full statistics. The kaon signal can be seen in

the negative x� tail, but one can also observe a small excess of tracks for x� � 4:5. This
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excess has been investigated and is found to originate from the overlap of two tracks with

only one track reconstructed. The e�ect is very small (a few 10�4) and only present for

large positive x�. It has been checked that excluding the region x� � 4:5 does not a�ect

the results of the kaon analysis.

To check F�(x�) and get the �nal calibration, the x� distribution is �tted using the

pion resolution function obtained from the ! sample, where the values for �x�(�) and ��(�)

are �xed at 0 and 1. A one-parameter �t of the kaon fraction yields �2=ndf = 62:2=49

(Fig. 4). A close inspection of the residuals between the data and the �tted function

reveals a nearly slight antisymmetric deviation3 (see Fig. 4). A correction term for F�(x�)

is obtained by parametrizing the deviation in the range of x� � 0, where the in
uence

of kaons can be completely ignored. Assuming the correction is antisymmetric, a three-

parameter �t is performed with the corrected F�(x�) as input, giving the following values

for the parameters: fK = (1:58 � 0:14)%, �x�(�) = 0:006� 0:005, ��(�) = 0:998�0:004
and �2=ndf = 49:1=47. The quality of the �t is improved, and the precise values for the

pion calibration and the corrected F�(x�) will be applied to all the following �ts.

The di�erence (0.12%) between the two kaon fractions found with the !-sample and

the improved F�(x�) shapes is treated as the systematic uncertainty related to the shape

of the resolution function.

Since the kaon fraction is obtained in the three-parameter �t by allowing the

calibration to 
oat, the systematic uncertainties related to this e�ect are already included

in the �tted error on fK . In order to quote a systematic error from the calibration itself,

a one-parameter �t for fK is performed with �x�(�) and ��(�) �xed. The calibration error

is obtained by unfolding the three- and one-parameter �t errors on fK . This provides an

uncertainty of 0:09% on the absolute error of the kaon fraction, which will be translated

into the corresponding error for each channel.

Finally, to demonstrate the need for the kaon contribution, a two-parameter �t

leaving the x� parameters free and the kaon content �xed at zero is done, yielding

�x�(�) = � 0:023 � 0:004, ��(�) = 1:025 � 0:003 and �2=ndf = 125:1=48. The

much worse �2 and the characteristic trend of the pion parameters,i:e: negative �x�(�) and

larger ��(�), validates the description with a genuine kaon contribution.

6.3 Measured kaon fractions

The kaon fractions are now extracted from the �ts to the 3h��� and the 3h��0�� �nal

states, which are divided into same- and opposite-sign track samples. To reduce systematic

uncertainties from � decays without kaons, cuts on the well-measured hadronic mass are

applied to enhance the relative kaon fraction. Only the x� of \kaon-assumed" tracks with

M(�+K���) � m� for the same-sign tracks andM(K+K���) � m� for the opposite-

sign tracks are analysed. After applying these cuts, the pion tracks with available dE/dx

are reduced by 15% (same-sign) and 22% (opposite-sign) for the 3h��� mode and 8%

(same-sign) and 12% (opposite-sign) for the 3h��0�� mode, leaving the kaon contribution

una�ected. As the consequence of these kinematic cuts, a �t for the pion-reduced sample

gives: fK = (1:74 � 0:12)% and �2=ndf = 43:6=49, in which the x� parameters are

3In fact the same e�ect for the resolution function is observed in one-prong decays, which is well

determined using muon tracks and �tted to a function incorporating this feature [9].
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Figure 4: Fitted x� distribution for all tracks in 3h��� and 3h��0�� (top). The dots

with error bars correspond to data. The �t indicated by the solid curve is described in the

text, while the dashed curve shows the �tted kaon contribution, The residuals between the

data and the �t are shown in the bottom plot. The solid curve is the parametrization for

x� � 0 and the dashed curve shows the expected deviation on the negative side assuming
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Mode 3h��� 3h��0��
Sign Same Opposite Same Opposite

�x�(K) �1:914 � 0:016 �1:875 � 0:022 �1:774 � 0:022 �1:729 � 0:032

��(K) 1:080 � 0:012 1:093 � 0:017 1:097 � 0:016 1:035 � 0:025

�x�(�) 0.006 (�xed) 0.006 (�xed) 0.006 (�xed) 0.006 (�xed)

��(�) 0.998 (�xed) 0.998 (�xed) 0.998 (�xed) 0.998 (�xed)

fK (%) 2:11� 0:18 1:62 � 0:25 1:24 � 0:30 0:80 � 0:41

NK 597� 51 229 � 35 120� 29 38� 19

�2=ndf 59.0/48 46.9/42 46.3/41 50.1/39

NK(q�q) 10� 3 6� 2 9� 3 4� 2

Table 2: Results obtained from the �ts to x� distributions. The �ts take into account

both kaon and pion contributions. The kaon parameters �x�(K) and ��(K) are determined

from Monte Carlo and �xed in the �ts to data. The errors of these parameters from Monte

Carlo statistics are translated into systematic uncertainties on the branching ratios due to

Monte Carlo statistics. The de�nition for each quantity can be found in the text.

�xed at 0.006 and 0.998. Obviously, the fK is increased. Also, a Monte Carlo study shows

that these kinematic cuts eliminate about 50% of kaon tracks with a dE/dx measurement

from the q�q background. The remaining q�q background NK(q�q), normalized to the same

statistics as data is shown in Table 2.

The �nal kaon fraction for each sample is obtained from the one-parameter �t in which

the x�(�) parameters are �xed at the values obtained from the global calibration described

above. Fig. 5 shows the �t results for the same-sign tracks and the opposite-sign tracks

in the 3h��� and the 3h��0�� modes, respectively. The �t results for each sample are

summarized in Table 2.

Because a pure kaon sample with the same environment of overlapping track cannot

be isolated directly from the data, the kaon parameters can only be estimated from the

Monte Carlo simulation (with the input of the measured F�(x�) distribution), which shows

the expected correlation between �x�(K) and the track momentum (see Fig. 6). The kaon

momentum spectrum in � lepton decays depends somewhat on the dynamics. To check

the kaon momentum distribution in data, a one-parameter �t in momentum slices is also

performed in the 3h��� mode. The corresponding number of kaons in each momentum

slice is shown in Fig. 7. The sum of all momentum slices gives 580 � 50 and 228 � 35 for

the same- and opposite-sign kaons, in agreement with the total amount of kaons obtained

from the �t (Table 2) to the whole momentum range (2 - 45 GeV/c). This indicates an

agreement between data and simulation for the kaon momentum distribution (Fig. 7),

although there is some tendency for a slightly softer spectrum in data for same-sign kaons

in 3h��� decays. It is also seen in Fig. 7 that the kaon momentum spectrum is found to

be harder than for pions.

Finally, in order to select K�K+���� and K��+���� samples for the purpose

of studying the decay dynamics, a kaon identi�cation estimator is de�ned using the
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recalibrated dE/dx measurement

PK =
WK(R)

W�(R) +WK(R)
; (5)

where W�;K(R) is the probability for the track to be a pion or a kaon with a given dE/dx

measurement R. Correspondingly, one can de�ne a pion probability P� = 1 � PK. The

K=� separation is found to be momentum-dependent, decreasing from 2.3 � at 5 GeV/c

to 1.5 � at 40 GeV/c (Fig. 6).

7 Measurement of the branching ratios

All branching ratios are derived using the observed number of � decay candidates in each

channel and the estimate of the background from other � decays and non-� sources (Z

decays to hadrons), according to

Bi =
NK �NK(q�q)

2N�� �i
�
X

j 6=i

Bj

�j

�i
; (6)

where Bi andBj are the branching ratios for the signal and the feedthrough � backgrounds.

The corresponding e�ciencies are �i and �j, estimated for the same- or opposite-sign

samples (Table 1). N�� , NK and NK(q�q) are the total number of produced � pairs, the

number of measured kaons and the expected q�q background, respectively.
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while the expected kaon distribution is shown in the hatched histogram.

7.1 Search for �� ! K
�

K
+
K
�

��

The K�K+K��� branching ratio is expected to be very small, because of phase-space

and Cabibbo suppression. To select this channel, track momenta are required to exceed

10 GeV/c and the invariant mass of the K�K+K� system must be smaller than m� . To

reduce the pion background, the x� of the opposite-sign track is required to be less than

zero, rejecting half of the remaining pions and keeping all opposite-sign kaons, and one of

the same-sign tracks must satisfy x� � �1:5, keeping slightly more than half of the kaons.

No signi�cant kaon signal appears in the x� distribution for the third track (same-sign)

(see Fig. 8). According to the Monte Carlo simulation, the acceptance for K�K+K��� is

7.1% and from a maximum likelihood �t of the x� distribution an upper limit is obtained

B(�� ! K�K+K��� ) < 1:9� 10�4 (95% C:L:) : (7)

In the following analysis, this contribution will be neglected, since the limit on the

branching ratio is signi�cantly smaller than the uncertainties achieved in the measurement

of the other channels, and furthermore the expected value from the model [4] is no more

than 10�6.

7.2 The branching ratios for �� ! K
�

K
+
�
�(�0)��

Two methods are employed for measuring the branching ratios for the K�K+��(�0)��
modes. The �rst method is based on the number of the opposite-sign K's. Only the

K�K+���� and the K
�K+���0�� can produce opposite-sign K's. The numbers of kaons

from the one-parameter �t are summarized in Table 2. The feedthrough from � and non-�
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Mode K�K+���� K�K+���0��
Cuts (opp.) x� � �2 and p � 5 GeV/c x� � �1:75 and p � 6 GeV/c

Cuts (same) p � 5 GeV/c p � 6 GeV/c

fK (same)% 26.0 � 3.7 12.9 � 5.5

NK (same) 82 � 12 14 � 6

Background 14 � 4 1 � 1

Signal 68 � 14 13 � 6

E�ciency (%) 10.48 � 0.43 3.52 � 0.20

B (10�3) 1.62 � 0.33 0.92 � 0.42

Table 3: Summary of all quantities obtained by tagging an opposite-sign kaon and �tting

to the x� for same-sign tracks. Errors are statistical only.

backgrounds is subtracted with respect to the corresponding e�ciencies in Table 1, and

the branching ratios are obtained by combining the x� �ts for the opposite-sign tracks in

the 3h��� and the 3h��0�� samples, yielding

B(�� ! K�K+���� ) = (1:63� 0:27stat:)� 10�3 (opposite-sign �t) ; (8)

B(�� ! K�K+���0�� ) = (0:59� 0:41stat:)� 10�3 (opposite-sign �t) : (9)

Since there are two kaons in the �nal state, a second method for determining the

branching ratios is to tag the opposite-sign K's with a cut on the x�(K) and �t the

x� distribution for same-sign tracks. In this way, the background from the ���+��(�0)��
and the K��+��(�0)�� channels is strongly suppressed and the kaon signal from the

K�K+��(�0)�� is enhanced as shown in Fig. 9. All cuts, related quantities and branching

ratios are given in Table 3. The small statistical correlation (� 20%) between the two

values is estimated using a toy Monte Carlo. The results are combined and give

B(�� ! K�K+���� ) = (1:63� 0:21stat:)� 10�3 (average) ; (10)

B(�� ! K�K+���0�� ) = (0:75� 0:29stat:)� 10�3 (average) : (11)

7.3 The branching ratios for �� ! K
�

�
+
�
�(�0)��

The measurements of these two channels are based only on the x� �ts for same-sign tracks.

Many feedthrough � and non-� backgrounds can produce same-sign kaons. Besides the

K�K+�� and the K�K+���0 modes, the K0K� and K0K��0 modes are also found to

give a non-negligible contribution to the same-sign kaons. This e�ect is re
ected in the

values for the e�ciencies listed in Table 1. Subtracting the feedthrough background from

the K�K+��(�0)�� and the K�K0(�0)�� (the second branching ratios taken from the

world averages [12]) gives the measurements of the K��+��(�0)��

B(�� ! K��+���� ) = (2:14� 0:37stat:)� 10�3 ; (12)
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Source K��+�� K�K+�� K��+���0 K�K+���0

Selection e�ciency 1.0 1.0 1.9 1.9

dE/dx e�ciency 4.2 4.5 5.6 4.7

dE/dx calibration 5.3 3.5 12.7 7.0

F�(x�) shape 7.1 4.7 16.9 9.3

x�(K) 5.5 3.9 10.1 5.7

� background 4.2 3.6 10.4 5.4

q�q background 1.1 1.7 7.1 7.1

M.C. statistics (e�.) 2.4 1.6 4.6 3.6

Dynamics (e�.) 5.4 4.1 10 10

Total 13.5 10.3 29.4 19.6

Table 4: Summary of systematic errors. All are relative in percent.

B(�� ! K��+���0�� ) = (0:61� 0:39stat:)� 10�3 : (13)

The errors quoted in (12) and (13) are dominated by the statistical uncertainties on the

number of same-sign kaons from the �t. They also include the statistical uncertainty

from the subtraction of the K�K+��(�0)�� channels (10) and (11), thereby introducing

a small anticorrelation of �14% for results (10) and (12).

8 Sources of systematic errors

Several sources of systematic errors have been considered: selection, charged track

overlap, dE/dx calibration, dE/dx response for pions, the x�(K) parameters, feedthrough

backgrounds, Monte Carlo statistics and the dynamics of hadronic � decays. All

systematic errors are summarized in Table 4 and the corresponding discussion of the

individual sources is given below.

8.1 Selection e�ciency

The systematic uncertainties coming from the general � -pair selection and classi�cation

criteria have been studied in Ref [8]. The additional requirement of exactly three charged

tracks somewhat increases the systematic uncertainty in the selection e�ciency. By

comparing the data and the Monte Carlo distributions in the hemispheres with two,

three and four charged tracks (after removal of identi�ed electrons from 
 conversions),

it is found that the e�ciency to reconstruct exactly three tracks is slightly overestimated

in the Monte Carlo by a factor 1:009 � 0:005. Also detailed studies [8] have shown

that the simulation underestimates the fraction of fake photons produced by hadronic

interactions in ECAL and by the splitting of electromagnetic showers. Consequently, the

selection e�ciency for 3h� �nal states is overestimated by a factor of 1:019 � 0:005. For

the 3h��0 �nal states, the e�ect is slightly reduced since the loss of decays caused by the

validation of an extra photon is partially compensated by the accidental reconstruction of

a �0 due to the presence of a fake photon, giving a corresponding factor of 1:011 � 0:006.
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These correction factors are applied to the selection e�ciency that is estimated with

Monte Carlo. The corresponding errors are taken as systematic uncertainties. Total

uncertainties of 1.0% and 1.9% for 3h��� and 3h��0�� are estimated.

8.2 E�ciency of tracks with dE/dx

The e�ciency from requiring a minimum number of dE/dx samples is a�ected by

the overlap of charged tracks. This e�ect depends on the simulation of the dE/dx

measurement and on the description of the decay dynamics. The dE/dx sample

e�ciencies for data and Monte Carlo in the total three-prong sample agree (see Section

4). Unfortunately, a direct comparison cannot be made for the channels with kaons since

they are only separated statistically from the dominant 3�(�0) decay modes. Nonetheless,

an indirect test can be performed.

To monitor any systematic e�ect between data and Monte Carlo, the correlation of

the number of samples with hadronic mass is exploited. Smaller hadronic masses are

correlated with smaller opening angles, hence larger track overlap. A large variation in

e�ciency is observed over the 3� mass range; however the ratio of the data to the Monte

Carlo e�ciencies is consistent with unity throughout (Fig. 10). A linear �t is applied

to describe a possible systematic e�ect: slopes of (�0:063 � 0:041)(GeV/c2)�1 and

(0:026 � 0:059)(GeV/c2)�1 are found for same-sign and opposite-sign tracks respectively.

Corresponding systematic uncertainties for the dE/dx track e�ciency in every channel

studied are obtained from this �t, scaled to the Monte Carlo e�ciency speci�c to that

channel (Table 4).

8.3 Pion dE/dx calibration

The uncertainty from the pion calibration is obtained from the three-parameter �t

(discussed in Section 6.2) compared to the one-parameter �t, leaving the �x�(�) and ��(�)

parameters �xed at their central values. The uncertainty of 0:09% on the absolute kaon

fraction is then applied in a relative way to all channels (Table 4) since those with a small

kaon contribution are more a�ected by pion calibration uncertainty. In this respect, the

measurement of the K�K+��(�0) channels from the \K+K�" �ts given in Table 3 and

in Fig. 9 are not signi�cantly a�ected by this uncertainty.

8.4 dE/dx response for pions

Corrections for the pion resolution function F�(x�) have been established using the full

three-prong sample (3h� and 3h��0). The uncertainty on the kaon fraction from an

imperfect knowledge of the shape of F�(x�) has been estimated from the full e�ect of the

correction applied. An uncertainty of 0:12% is found for the absolute kaon fraction which

is then propagated to all measurements (Table 4).
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value of one. The open circles show the behaviour of the corresponding absolute e�ciencies

in data.
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8.5 Kaon dE/dx

The systematic uncertainties associated with the kaon parameters �x�(K) and ��(K) arise

from two parts: the imperfect simulation of the track overlap and the uncertainties from

the modelling of the �nal states in the Monte Carlo.

By comparing the mean number of samples between data and Monte Carlo, one �nds

186:9 � 0:4 and 196:0 � 0:6 for the same- and opposite-sign tracks in the data, and

184:9 � 0:2 and 194:8 � 0:3 in the Monte Carlo, respectively. The di�erences, with one

standard deviation added, yielding the values of 2.4 and 1.9 for same- and opposite-sign

tracks, are treated as a systematic e�ect due to an imperfect simulation. These values

are translated into o�sets for �x�(K) of 0.0142 and 0.0125 for the same- and opposite-sign

cases. The relevant uncertainties are found to be 1:5% (K��+���� ), 0:9% (K�K+���� ),

2:4% (K��+���0�� ) and 0:9% (K�K+���� ).

The errors of the x�(K) parameters come from both Monte Carlo statistics and

modelling of the �nal state dynamics. The errors from the statistical uncertainties

of the x�(K) parameters listed in Table 2 are obtained by studying the deviation of

the kaon fraction within one standard deviation of the x�(K) parameters, giving 3:3%

(K��+���� ), 2:7% (K�K+���� ), 7:2% (K��+���0�� ) and 4:2% (K�K+���� ). Since

the decay dynamics can also a�ect the x�(K) parameters through the track overlap,

this e�ect is investigated through the correlation between the x�(K) parameters and the

total hadronic mass. The uncertainties are estimated to be 4:1% (K��+���� ), 2:6%

(K�K+���� ), 6:6% (K��+���0�� ) and 3:8% (K�K+���� ). The �nal errors due to the

x�(K) uncertainties are obtained by adding the above contributions in quadrature and

expressed as relative errors on the branching ratios.

8.6 Background subtraction

The q�q non-� background is found to be small for the 3h��� samples: K��+���� (1:7%)

and K�K+���� (1:2%), but it is more signi�cant for the 3h��0�� samples: K��+���0��
(7:1%) and K�K+���0�� (7:1%)

When evaluating the feedthrough � background contributions to the studied channels,

the uncertainties in the branching ratios of these backgrounds are taken into account. The

background subtraction depends on the corresponding e�ciencies listed in Table 1 and

the uncertainties in the relevant branching ratios. For the K0K��� and the K0K��0��
channels, the values of (1:55 � 0:28) � 10�3 and (1:38 � 0:32) � 10�3 are taken from

Ref [12]. The uncertainties in the feedthrough resulting from �0 reconstruction and

simulation of fake photons are estimated following the studies detailed in Ref [8]. No

additional uncertainty is introduced in the background from channels di�ering by charged

particle identi�cation as they are measured simultaneously in this analysis. On the

whole, the systematic uncertainties are found to be smaller for the channels producing

an opposite-sign kaon: 3.6% (K�K+���� ) and 5.4% (K�K+���0�� ). As a result of

involving more feedthrough background, the uncertainties for the K��+���� and the

K��+���0�� channels are larger: 4.2% and 10.4%.
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8.7 Monte Carlo statistics and decay dynamics

The uncertainties due to limited Monte Carlo statistics for the determination of the

e�ciency matrix are listed in Table 1. Due to the lack of knowledge of the dynamics

of some of the hadronic � decays, the e�ciency matrix is found to be sensitive to the

shape of the hadronic invariant mass distribution, which is model-dependent. A study

of the e�ciency as a function of the hadronic mass (which is the dominant factor) is

done for each channel. Estimation of the uncertainties is based on the comparison of

the resonance structure between data and Monte Carlo. The resonance structures are

known from data (see Section 9) for the K�K+���� (+70 MeV/c2 mass shift and K�K

dominance) and the K��+���� (�100 MeV/c2 with a mixture ofK1(1270) andK1(1400))

modes. The corresponding e�ciencies are directly estimated by using the corrected model.

The associated systematic errors due to the uncertainties in the model corrections are

estimated with respect to the above mass corrections. Both the K��+���� and the

K�K+���� modes have similar uncertainties: 5:4% and 4:1%. For the K��+���0�� and

the K�K+���0�� modes, low statistics forbid any investigation of the decay dynamics.

A conservative uncertainty of 10% is assigned for both modes.

9 Investigation of mass spectra

The mass spectra for the K��+�� and the K+K��� decay modes are investigated.

Signals for both channels are isolated by utilizing the kaon identi�cation estimator de�ned

in (5) and with kinematic cuts. Feedthrough backgrounds are simulated with a statistics

four times larger than the data. Because of statistics, the investigation of mass spectra

can only be done for the channels with no �0.

9.1 Resonances in �
�

! K
�

K
+
�
�

��

The kaon momentum spectrum is quite hard in three-prong � decay (Fig. 7). To tag the

same-sign pion, tracks with momenta below 7 GeV/c or P� � 0.1 are classi�ed as pions.

The kaon momenta must be greater than 7 GeV/c and the kaon probabilities for the same-

sign and the opposite-sign tracks should be more than 0.5 and 0.9, respectively. Sixty-nine

candidates survive all these requirements with about 25% background, mainly from the

���+�� decay mode. Fig. 11 shows the invariant mass spectra of K+��, K+K� and

K�K+�� systems in the K�K+���� data sample. The Monte Carlo prediction in Ref [4]

and the estimated feedthrough background are also shown. A clearK� signal is present. A

K� Breit-Wigner function together with a linear term describing the background are used

to �t the K� mass spectrum, giving (87� 13)% for the K�K� component. A systematic

mass shift of (+70 � 20) MeV/c2 is found in the K�K+�� invariant mass spectrum,

compared to the prediction, and results in a correction to the model when computing the

e�ciencies listed in Table 1.
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Figure 11: The invariant mass spectra for the �� ! K�K+���� sample in data (dots

with error bars) and Monte Carlo simulation (histogram). The K�K+�� signal predicted

by the model in Ref [4] is shown in the dashed histogram and the � feedthrough background

is given by the shaded histogram including �=K misidenti�cation.
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9.2 Resonances in �
�

! K
�

�
+
�
�

��

The resonance structures existing in the K��+���� decay mode have also been

investigated. A K��+���� candidate is required to have a same-sign kaon with p �
7 GeV/c and PK � 0.95, and one same-sign pion with either p � 7 GeV/c or satisfying

P� � 0:05 and the other opposite-sign pion satisfying P� � 0:8. There are 148

candidates passing all the above cuts with about 50% expected background. The Monte

Carlo shows that the majority of background events are from the 3���� and the K0K���
decay modes.

In Fig. 12 a clear K� signal is seen. Theoretically, this K�� channel is thought to

proceed through an axial vector current via the K1(1270) and K1(1400) resonances. The

K��+�� invariant mass distribution does not support a K1(1400) dominance. Instead,

a broad structure is observed with a mean value around 1.3 GeV/c2, indicating another

contribution besides K1(1400). The K1(1270), however, decays to �K with a branching

ratio of (42 � 6)% [12]. In the invariant mass spectrum of the �+�� system, the K��

re
ection is found to peak up at 0.5 GeV/c2 and decreases quickly with mass. Subtracting

all the background gives some excess around the � signal region in Fig. 13, in which the

shape of 3� background is obtained directly from data, since some small discrepancies are

observed between the a1 simulation and the data in the �� mass spectrum. An incoherent

� Breit-Wigner signal and a K�� re
ection term are used to describe the invariant mass

of the two-pion system, giving (35 � 11) % for the �K component. This value is

indicative of a relatively large K1(1270) component. A more quantitative assessment

of this observation needs a further study, which also takes also into account the decay

channel �� ! K
0
���0�� .

10 Results and discussion

The branching ratios for the �ve channels studied in three-prong �nal states with charged

kaons are summarized in Table 5 and Fig. 14. The results for B(�� ! K��+���� ) =

(2:14 � 0:47) � 10�3 and B(�� ! K�K+���� ) = (1:63 � 0:27) � 10�3 represent a

substantial improvement in precision over the present experimental situation [13, 14, 15,

16]. Also the channels �� ! K��+���0�� and �� ! K�K+���0�� are identi�ed

and their branching ratios are measured for the �rst time. In order to compare the new

measurements with existing experimental information, the sums of the branching ratios

are given:

B(�� ! K��+�� � 0�0�� ) = (2:75� 0:64)� 10�3 ; (14)

B(�� ! K�K+�� � 0�0�� ) = (2:38� 0:42)� 10
�3 ; (15)

to be compared with the corresponding world-average values (3:9+1:9�1:6) � 10�3 and

(1:5+0:9�0:8) � 10�3 [12].

The measured value for B(�� ! K��+���� ) is three times smaller than the

prediction of 7:7� 10�3 by Finkemeier and Mirkes [5], but is consistent with the prediction

of 1:8� 10�3 by Li [6]. The result for B(�� ! K�K+���� ) is in qualitative agreement

with the predictions of 2:0� 10�3 by Finkemeier and Mirkes [5] and 2:6� 10�3 by Li [6].
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Figure 12: The invariant mass spectra for the �� ! K��+���� sample in data (dots

with error bars) and Monte Carlo (histogram). The K��+�� signal predicted by the model

of Ref [4] is shown in the dashed histogram and the expected � feedthrough background is

given by the shaded histogram.
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Figure 13: The �+�� invariant mass after background subtraction in the decay

�� ! K��+���� . The �t function is the sum of a � Breit-Wigner form and the

expected K�� re
ection.

It is possible to compare the partial rates involving K� production found in this

analysis (Fig. 14)

B(�� ! K
�0
���� ) = (2:09� 0:58)� 10�3 ; (16)

B(�� ! K�0K��� ) = (2:13� 0:48)� 10�3 ; (17)

with the earlier measurements relying on a �t of theK� resonance over a phenomenological

background: B(�� ! K
�0
���� ) = (2:5 � 1:1) � 10�3 and B(�� ! K�0K��� ) =

(2:0 � 0:6) � 10�3 by ARGUS [16], and B(�� ! K
�0
���� ) = (3:8 � 1:7) � 10�3 and

B(�� ! K�0K��� ) = (3:2� 1:4)� 10�3 by CLEO [14]. A good agreement is observed.

The 95% C.L. upper limit of 0:19� 10�3 obtained on the �� ! K�K+K��� branching

ratio is considerably smaller than the previous limit of 2:1 � 10�3 from TPC [15]. The

theoretical estimate is of the order 10�6 [4].

The physics implication of the present results will be discussed in a subsequent paper

taking into account the ALEPH measurements of isospin-related �nal states K
0
���0�� ,

K��0�0�� , K
0
K0���� and K0K��0�� .

11 Conclusion

Branching ratios for the decays of � leptons into three charged particles including kaons

are obtained, separating �nal states with an additional �0. The results, listed in Table 5

and shown in Fig. 14, are more precise than the current world averages and include for

the �rst time channels with up to four hadrons in the �nal states involving kaons.
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Figure 14: Comparison of the results of the present analysis (black dots) with the published

branching ratios for �� ! K��+�� � 0�0�� , �
� ! K�K+�� � 0�0�� , �

� ! K
�0
����

and �� ! K�0K��� [13, 14, 15, 16].
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Mode B (�10�3)
K��+���� 2.14 � 0.37 � 0.29

K�K+���� 1.63 � 0.21 � 0.17

K�K+K��� < 0.19 (95% C.L.)

K��+���0�� 0.61 � 0.39 � 0.18

K�K+���0�� 0.75 � 0.29 � 0.15

Table 5: Summary of branching ratios.
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